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Preface of the editor

Beside density and stress the mechanical behaviour of granular soils under monotonic,

cyclic and dynamic loading depends on the characteristics of the grains, i.e. their size,

size distribution (grading), shape, surface roughness and mineralogy. Previous studies

on the influence of grain shape in the literature led to contradictory results, possibly

due to the use of materials with different grain size distribution curves. A systematic

experimental investigation on the combined influence of grain shape and grading on the

response of granular materials to monotonic, cyclic and dynamic loading was missing so

far. It was thus the objective of the present dissertation of Debdeep Sarkar.

Debdeep Sarkar has performed a large number of high-quality laboratory tests, includ-

ing index tests, direct shear tests, monotonic and cyclic triaxial tests with drained or

undrained conditions, resonant column tests and wave velocity measurements. In these

experiments he used three granular materials with significantly different grain shape (glass

beads, natural sand, crushed glass), which were each prepared with two specific grain size

distribution curves having the same mean grain size but different uniformity coefficients.

Each of these six materials was tested at different densities and stress states.

Debdeep Sarkar thoroughly analyses and quantifies the influence of grain shape and grad-

ing on various soil properties derived from the tests, like the maximum and minimum

void ratios, shear strength, critical state, liquefaction resistance, shear wave velocity or

stiffness and damping at small to intermediate strains. The dependence of the parameters

of various empirical equations describing these properties as well as the material constants

of the elastoplastic SANISAND model on the grain characteristics is also studied. The

experimental observations under monotonic loading are qualitatively corroborated by the

results of discrete element simulations considering grain shape by a simplified approach.

The thesis of Debdeep Sarkar clearly demonstrates that the influences of grading and grain

shape interact with each other and should not be treated independently, which partially

explains contradicting tendencies in the literature. The research work of Debdeep Sarkar

represents a valuable contribution to a better understanding of the influence of particle

characteristics on the mechanical behaviour of granular soils, which may lead to more

reliable estimates of their properties in future, particularly with respect to the resistance

against liquefaction under earthquake loading.

Bochum, November 2022 Prof. Dr.-Ing. habil Torsten Wichtmann
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Abstract

Dynamic motions may be a result of natural (e.g. earthquakes, volcanoes, tsunami, etc.)

or man-made (traffic, machine drilling, blasting, etc.) activities. Certain soils do not have

the capacity to resist strong dynamic motions and have been observed to lose a part of

their strength and stiffness, leading to significant damages such as differential settlements,

tilting of buildings and bridges and in worst cases, collapse of structures. Particle charac-

teristics such as grain size, gradation, mineralogy, fines content (i.e. particles smaller than

0.063 mm in size) and grain shape play an important role in determining the mechanical

behavior of granular soils. However, relatively few systematic studies on the influence of

the particle characteristics, particularly grain shape, on the monotonic behavior of gran-

ular soils up to the steady state, the cyclic liquefaction behavior as well as stiffness and

damping at small to intermediate strains of granular soils can be found in literature.

In this study, the influence of various particle characteristics such as the grain size, grada-

tion and shape on the inherent, static, cyclic and dynamic behavior of granular materials

is investigated. Besides the grain shape, the study assesses the influence of the grain size

parameters (mean grain size d50 and uniformity coefficient Cu) on the limit void ratios

of granular soils. In addition, a series of monotonic triaxial tests under various boundary

conditions (e.g. effective stresses, void ratios and drained/undrained conditions) were per-

formed on three materials having vastly different grain shapes (glass beads, natural sand,

crushed glass) but a similar d50 and Cu with the aim to quantify the impact of grain shape

on various soil properties such as peak friction, steady state friction and dilatancy angles

as well as the critical state line in the void ratio versus effective mean stress plane. The

study was extended to cyclic undrained triaxial tests using a second gradation for each

material to assess the combined influence of grain shape and gradation on liquefaction

resistance. The small- and intermediate strain properties of the various materials were

also investigated in resonant column tests under torsional or axial mode of vibration. The

impact of grain shape and gradation on the various fitting parameters of existing ana-

lytical models for shear stiffness and modulus degradation characterization was assessed.

Recommendations regarding the choice of suitable grain shape parameters to characterize

shear wave velocities in granular soils were provided.

The experimental results were then briefly discussed in the framework of micromechanics,

where the discrete element method (DEM) was used to simulate granular packings of

different particle shapes subjected to monotonic drained and undrained loading. In addi-
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tion, the influence of grain shape on various fitting parameters in a popular elastoplastic

constitutive model (SANISAND) was investigated. Finally, a simple example of ground

response analysis was studied to evaluate soil responses under a pre-defined earthquake

in ground with different particle characteristics.
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Zusammenfassung

Dynamische Beanspruchungen können das Ergebnis natürlicher (z.B. Erdbeben, Vulkane,

Tsunami etc.) oder vom Menschen verursachter Aktivitäten (Verkehr, Bohr- und Spren-

garbeiten etc.) sein. Bestimmte Böden sind nicht in der Lage, starken dynamischen Ein-

wirkungen zu widerstehen, und verlieren einen Teil ihrer Festigkeit und Steifigkeit. Erhe-

bliche Schäden wie Setzungsunterschiede, eine Schiefstellung von Gebäuden und Brücken

und im schlimmsten Fall der Einsturz von Bauwerken können dadurch verursacht werden.

Partikeleigenschaften wie Korngröße, Korngrößenverteilung, Mineralogie, Feinkorngehalt

(d.h. Partikel mit einer Größe von weniger als 0,063 mm) und Kornform spielen hierbei

eine wichtige Rolle und beeinflussen das mechanische Verhalten der Böden. In der Lit-

eratur finden sich jedoch nur relativ wenige systematische Untersuchungen zum Einfluss

der Partikeleigenschaften granularer Böden, insbesondere der Kornform, auf das mono-

tone Verhalten bis zum kritischen Zustand, das Verflüssigungsverhalten bei zyklischer

Beanspruchung sowie die Steifigkeit und Dämpfung bei kleinen bis mittleren Dehnungen.

In dieser Arbeit wird der Einfluss verschiedener Partikeleigenschaften wie Korngröße, Ko-

rngrößenverteilung und Kornform auf das inhärente, statische, zyklische und dynamis-

che Verhalten granularer Materialien untersucht. Neben der Kornform wird der Ein-

fluss der Korngrößenparameter (mittlerer Korndurchmesser d50 und Ungleichformigkeit-

szahl Cu) auf die Lagerungsdichte (lockerste und dichteste Lagerung) von granularen

Böden untersucht. Darüber hinaus wurde eine Reihe von monotonen Triaxialversuchen

unter verschiedenen Randbedingungen (z.B. effektive Spannungen, Lagerungsdichte und

drainierte/undrainierte Bedingungen) an drei Materialien mit sehr unterschiedlichen Ko-

rnformen (Glaskugeln, natürlicher Sand, gebrochenes Glas), aber einem ähnlichen d50 und

Cu durchgeführt, um den Einfluss der Kornform auf verschiedene Bodeneigenschaften

wie den Peakreibungswinkel, den Reibungswinkel im kritischen Zustand und den Dila-

tanzwinkel zu quantifizieren sowie die kritische Zustandslinie (critical state line) im Druck-

Porenzahl-Diagramm zu bestimmen. Die Studie wurde unter Verwendung einer zweiten

Korngrößenverteilung für jedes Material auf zyklische undrainierte Triaxialversuche er-

weitert, um den kombinierten Einfluss von Kornform und Korngrößenverteilung auf der

Verflüssigungswiderstand zu bewerten. Die dynamischen Eigenschaften der verschiede-

nen Materialien bei kleinen bis mittleren Dehnungen wurden in Resonanzsäulenversuchen

unter Torsions- oder Axialschwingungen untersucht. Die Auswirkungen von Kornform und

Korngrößenverteilung auf die verschiedenen Anpassungsparameter bestehender analytis-
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cher Modelle zur Beschreibung der Schubsteifigkeit und dessen Degradation mit steigender

Scherdehnung wurden analysiert. Es wurden Empfehlungen für die Wahl geeigneter Ko-

rnformparameter zur Charakterisierung von Scherwellen geschwindigkeiten in granularen

Böden gegeben.

Die experimentellen Ergebnisse wurden anschließend im Kontext der Mikromechanik

diskutiert, wobei die Diskrete-Elemente-Methode (DEM) verwendet wurde, um granu-

lare Packungen mit unterschiedlichen Kornformen zu simulieren, die einer monotonen

drainierten oder undrainierten Belastung unterzogen wurden. Darüber hinaus wurde der

Einfluss der Kornform auf die verschiedenen Materialkonstanten eines bekannten gängi-

gen elastoplastischen konstitutiven Modells (SANISAND) untersucht. Schließlich wurde

ein einfaches Beispiel einer Bodenreaktionsanalyse untersucht, um die Bodenbewegungen

bei einem vordefinierten Erdbeben in einem Boden mit unterschiedlichen Partikeleigen-

schaften zu beurteilen.
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Nomenclature

q Deviatoric stress

p
′

Mean effective stress

εv Volumetric strain

ε1, ε1 Axial strain

ε2, ε3 Lateral strains

u Pore water pressure or back pressure

e Void ratio

ei Initial void ratio typically after sample preparation

e0 Void ratio at the end of consolidation

ess, ecs Void ratio at steady or critical state

τ, ec0 Critical void ratio corresponding to an effective stress p
′
= 1 kPa

λ Slope of the critical state line in the e− p′
diagram

α, ζ Fitting parameter to account for the curvature of the critical state line

pa Atmospheric pressure (normally considered as 100 kPa)
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1 Introduction

1.1 Background

Dynamic loading may be caused by man-made or natural sources. Man-made dynamic

loadings include those originating from machine foundations, drilling, explosions/blastings

or may also result from operation of very heavy or unbalanced machinery, mining, con-

struction (such as pile driving, deep dynamic compaction, etc.) and heavy traffic. One of

the most common examples of natural dynamic events are earthquakes. An earthquake

may be described as the ground motions resulting from a sudden slip on a fault or from

volcanic activities, or any sudden stress changes in the earth crust.

The destructive effects of dynamic ground motions are multifarious, some of which are

landslides, tsunamis and forest fires. Some of the damages caused by earthquakes and

repetitive dynamic motions are shown in Fig. 1.1. In view of this, two important phenom-

ena require attention: the amplification of ground shaking, and liquefaction (Towhata

2008). In the event of ground shaking, the major issues that arise are:

• Amplification of motion in soft alluvial deposits.

• Permanent/residual deformation of earth structures.

• Landslides.

• Dynamic soil-structure interaction.

It is important to note that liquefaction may not only be a direct consequence of earth-

quakes. Take for example, the loosely deposited sand dumps in the former open pit mines

in the Lusatian lignite fields in Eastern Germany, which occasionally liquefied without

the occurence of an earthquake. The reason for liquefaction was found to be a re-increase

in the water table since the termination of the ground water pumping at the end of active

mining in the 1990s in combination with the loose collapsible state of the sandy dumps.

The triggers were found to be earth construction works or other dynamic works in the

vicinity. The following problems are widely encountered during soil liquefaction:

1
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(a) 

 

(b) 

 
(c) 

 

(d) 

 
 

Figure 1.1: Damages due to dynamic events such as traffic loadings and earthquakes: (a) rutting

due to repeated vehicle loads (after Calvarano et al. 2017), (b) ground settlement due to the

Kaikoura 2016 earthquake (accessed from: stuff.co.nz), (c) differential settlement underneath

buildings in Christchurch (accessed from: theconstructor.org), and (d) liquefaction of soils, a

direct consequence of the Christchurch (2011) earthquake (accessed from: stuff.co.nz)

• Loss of bearing capacity.

• Boiling of sand and water.

• Lateral flow of ground.

• Uncertainties related to soil-structure interaction.

All of these situations are responsible for significant economic damages, therefore efforts

have been made in the past few decades to understand and minimize their detrimental

effects. One of the major aims of geotechnical earthquake engineering is to predict the

magnitude of the ground motions which are expected to occur for a specific earthquake

so that engineers can take this additional information into consideration while designing

structures. This is termed as ground response analysis. The resulting dynamic stresses and

strains due to ground motions are usually recorded for evaluation of liquefaction hazards.

Since the early 1900s, seismologists and geotechnical engineers have worked towards the

development of empirical methods based on the characteristics of recorded earthquakes

https://www.stuff.co.nz/national/91385289/kaikoura-quake-records-strongest-ground-shaking-in-nz-history
https://theconstructor.org/geotechnical/foundation-settlement-types-causes/6544/
https://www.stuff.co.nz/the-press/news/4699147/Clean-up-begins-in-quake-hit-suburbs
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to chart predictive relationships to assess both ground motion and liquefaction analysis.

However, much work remains to be done in this aspect since soil properties vary from place

to place which means ground response analyses must be carried out in a site-specific way.

1.2 Basic definitions

This section introduces some of the most important terminologies that are frequently used

throughout the course of the thesis. Focus is laid in particular on the established concepts

that are used in studies relating to liquefaction of soils (both under monotonic and cyclic

loading) and other dynamic properties.

1.2.1 Liquefaction susceptibility

In 1920, Hazen was the first who used the term ‘liquefy’ in the context of soil mechanics

to denote the phenomenon of liquefaction. A more general definition of liquefaction was

given by Castro & Poulos (1977), where they stated it as “a phenomenon wherein a

saturated sand loses a large percentage of its shear resistance (due to static or to cyclic

loading) and flows in a manner resembling a liquid until the shear stress acting on the

mass is as low as its reduced shear resistance”. Indeed, liquefaction occurs when a mass

of saturated/partially saturated cohesionless soil loses strength due to the generation of

excess pore water pressure, resulting in large deformations. Liquefaction may result in

landslides, lateral soil spreading, large settlements and tilting of buildings, and failure of

waterfront retaining structures. Some of the popular cases of natural disasters caused by

liquefaction are Niigata and Alaska (1964), San Fernando Dam failure (1971), and the

Loma Prieta (1989) and Kobe (1995) earthquakes.

Studies have reported two different types of liquefaction mechanisms due to application

of dynamic loading: flow liquefaction and cyclic mobility. Static liquefaction or static

instability refers to the undrained deviatoric strain softening behavior observed in mono-

tonic undrained tests (refer Fig. 1.2a). Under cyclic undrained loading, the material might

display a flow type of behavior characterized by a sudden large deformation, mostly in

extension. This is characterized by a sudden loss of mean effective stress and a significant

increase in pore water pressure (Fig. 1.2b). Additionally, cyclic liquefaction can occur

either as cyclic mobility or instability. In these conditions, the soil shows deviatoric strain

softening response due to a series of cyclic stress pulses and rapid generation of excess

pore water pressure, although the initial deformations are not as high as in the case of
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flow liquefaction (Fig. 1.2c). Cyclic mobility is generally encountered in fine-grained soils

as well as medium dense to dense sands, where overlapping butterfly-shaped loops in the

effective stress path are evident.
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Figure 1.2: Schematic representation of different forms of liquefaction encountered under static

and cyclic undrained loading

There have been significant advances in the past decades to understand the effect of various

uncertainties not only related to earthquakes, but also soil characteristics and boundary

conditions which play an important role on the instability and liquefaction susceptibility of

soils. In granular materials, the mechanical properties are primarily governed by the grain-

to-grain contacts, particle characteristics and particle rearrangement. For static and cyclic

liquefaction of soils, the following sub-section discusses some important terminologies

which will be used throughout in the course of this research.

1.2.2 Concept of steady state / critical state

The term ‘steady state’ (or critical state) was first coined by Casagrande in 1936, and was

modified by Roscoe et al. (1958) to denote a state in which soil continuously deforms at

constant stress and constant void ratio. This state is considered the ultimate state which

soils reach once sheared. Castro (1969) modified the definition of steady state as the state

at which the soil mass is continuously deforming at constant volume, constant normal
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effective stress, constant shear stress and constant velocity. This can be mathematically

represented as shown in Eq. (1.1):

dq = 0, dp
′
= 0, dεv = 0, du = 0 while |dεq| 6= 0 (1.1)

Although some literatures report that the steady state and the critical state are not

the same (Alarcon-Guzman et al. 1988; Konrad 1990), most studies conclude similarity

between them (Casagrande 1975; Poulos 1981; Been & Jefferies 1985; Sladen et al. 1985;

Verdugo & Ishihara 1996; Yamamuro & Lade 1998; Thevanayagam 1998). Casagrande

(1975) separated these two terms by stating that critical state applies only to drained tests

while steady state is used in the interpretation of undrained shear test results; however

recently, through a compilation of several past studies, Kang et al. (2019) demonstrated

a negligible difference between the steady state and critical state. Therefore, in light of

these findings, the steady state and the critical state are considered the same throughout

the present work.

Steady state line

As noted in the previous section, steady state refers to the final state of the soil undergo-

ing continuous shear deformation at constant volume. Therefore, the void ratio remains

constant irrespective of the magnitude of shear deformation. The final void ratio of the

soil at such a state is termed as the steady state void ratio ess. The steady state has

two aspects: the first is a locus or line in deviatoric shear stress q-mean effective stress p
′

plane (Fig. 1.3a), and the second is a line in the void ratio e-mean effective stress p
′

space

(Fig. 1.3b). The steady state line (SSL) in q − p′
plane is a straight line passing through

the origin with a constant slope. In e− log p
′

space, the SSL is treated conventionally as

a straight line (after Schofield & Wroth 1968), which is denoted by Eq. (1.2). In other

words, it denotes that the critical void ratio e decreases as the logarithm of the effective

stress increases.

ess = τ − λ log
(p′

ss

pa

)
(1.2)

p
′
ss and pa denote the mean effective stress at the steady state and the atmospheric

pressure respectively, whereas τ and λ denote the intercept and slope of the SSL (together

termed as the steady state line parameters), and are intrinsic soil properties which can
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Figure 1.3: Schematic representation of the steady state / critical state in both (a) q − p′ and

(b) e− p′ diagrams

be determined through experiments. In recent years, there have been certain arguments

against adopting a linear expression for the SSL (Verdugo & Ishihara 1996; Thevanayagam

et al. 2002; Rahman 2009). Certain triaxial test results on sand show that the SSL may

be better approximated as a curve instead of a straight line, especially for low confining

stresses. In light of this, Li & Wang (1998) suggested the exponential form of Eq. (1.3):

ess = τ − λ
(p′

ss

pa

)α
(1.3)

Therein α is a fitting parameter which can be assumed as 0.6 for sands and sand-fines

mixtures (Yang & Wei 2012).

Quasi-steady state and phase transformation

Granular materials gain shear strength through interparticle sliding friction caused by the

interlocking between individual particles due to the particle shape and surface roughness.

The peak friction angle φp is typically achieved at the point where the shear strength of a

granular material reaches the peak. Furthermore, under drained conditions, a dense mate-

rial undergoes initial densification followed by dilation at larger strains causing a volume

increase. For loose samples under drained conditions, contraction occurs leading to a vol-

ume decrease (densification) till reaching the critical state void ratio. In undrained tests,

a quasi-steady state (QSS) or a phase transformation (PT) point may be encountered
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as shown in Fig. 1.4. Contrary to reports by Zhang & Garga (1997), the QSS is widely

considered to be a real material behavior rather than a test-induced or device-dependent

phenomenon. With a further increase in axial strain, there are three possibilities: flow,

partial flow and no flow behavior. For a sample undergoing flow liquefaction, the devia-

toric stress continues to decrease after attaining a maximum till a steady state is achieved.

However, for a sample undergoing partial liquefaction, the deviator stress increases after

the QSS gradually till reaching the steady state. For no flow conditions, the existence

of a phase transformation (PT) point may be noted, where a switch from contractive

to dilative tendency may be encountered (Ishihara 1993; Nguyen et al. 2018). Generally,

the PT phenomenon is encountered when the material is in a dense state (Li & Dafalias

2000). In general, flow behavior is noted for loose specimens whereas medium dense to

dense specimens are expected to show no flow behavior.

 

Figure 1.4: Concept of quasi-steady state (QSS) and phase transformation (PT) from (a) q−ε1

and (b) q − p′ curves (modified after Zhang & Garga 1997 and Yang & Dai 2011)

1.2.3 Cyclic stress ratio (CSR) and cyclic resistance ratio (CRR)

When subjected to cyclic loads, saturated samples develop excess pore water pressure,

which results in a decrease in the mean effective stress. After a certain number of cycles,

the magnitude of the excess pore water pressure becomes equal to the total stress, as a
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result of which the effective stress drops to zero. At this point, the sample starts showing

large deformations since the shear strength of the specimen has been reduced to zero,

i.e. the sample has liquefied. The amplitude of the cyclic deviatoric stress qampl that the

specimen is subjected to divided by twice the effective confining stress p′0 is termed as

the cyclic stress ratio CSR imposed on the specimen, while the number of cycles Nc

needed to achieve zero effective stress denotes the number of cycles to liquefaction. Some

studies use a certain strain criterion, e.g. reaching a double amplitude of 5% axial strain

in extension and compression, in conjunction with the zero effective stress condition to

denote failure. Plotting the results of various tests in terms of their CSRs against the

corresponding Nc on a semi-logarithmic scale yields a unique relationship describing the

liquefaction resistance (see Fig. 1.5). The cyclic resistance ratio (CRR) corresponding to

an equivalent earthquake loading of a certain magnitude (e.g. Mw=7.5) is denoted as the

value of the CSR from the above mentioned curve read at a certain Nc (Nc = 15 for

example).

Nc [-]

C
S

R
 [

-]

CRR (Nc = 15)

Nc = 15

Data points from

cyclic undrained tests

Figure 1.5: Schematic representation of the critical stress ratio (CSR) and critical resistance

ratio (CRR) considering Nc = 15

1.2.4 Stiffness and damping in soils

The stiffness of a material indicates it’s ability to resist deformation once a certain

stress/load is applied on it. A material develops a certain stress and strain once an ex-

ternal load is applied on it. In mathematical terms, the ratio of the stress (force per unit

area) to the strain (deformation per unit length) is referred to as the material stiffness.
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When considering a soil specimen under one-directional axial loading, the ratio of the

axial stress σ to the corresponding axial strain ε is denoted as the Young’s modulus E

(see Eq. 1.4a). If the load is torsional in nature, i.e. acts laterally in the form of a torque,

the ratio of the generated shear stress τ to the corresponding shear strain γ denotes the

shear modulus G (Eq. 1.4b).

E =
σ

ε
(1.4a)

G =
τ

γ
(1.4b)

In a perfectly elastic medium, stress waves generated from an earthquake or other dy-

namic sources are expected to travel indefinitely without any change in the amplitude.

However, in reality, this is not the case: the amplitudes attenuate with distance. This can

be attributed to two factors:

Material damping

A part of the plastic energy of a travelling wave is converted to heat energy. Thus, this

conversion of energy culminates in a reduction in the mechanical amplitude. Viscous

damping is often used to represent this dissipation of elastic energy (Kramer 1996).

Radiation damping

In addition to the loss of energy caused due to material damping, a reduction in the

specific energy (elastic energy per unit volume) due to increase in volume over which the

waves are travelling is referred to as the radiation damping. This can also be illustrated

by an example of an earthquake: at the epi-center of an earthquake, stress waves travel

outward in all directions, and over time, the specific energy decreases since the wavefronts

are spherical and cover a wider volume of the material. This mode of damping is also

termed as geometric attenuation.

Determination of dynamic properties of soils

To determine dynamic properties of soils at various strain levels, there are two possibilities:

in-situ measurement and laboratory testing. For in-situ tests, some of the most common
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measurements are the geo-physical tests, which includes Seismic Reflection Test, Seismic

Refraction Test, Suspension Logging Test, Steady-State-Vibration Test, Spectral Analysis

of Surface Waves Test, Up-/Down-hole Test and Cross-Hole Test (Ishihara 1996; Kramer

1996; Reynolds 2011). Most of these tests are used worldwide for site exploration by

practicing engineers. To measure dynamic properties in the laboratory, Resonant Column

(RC) test, Ultrasonic Pulse Test, Piezoelectric Bender/Extender Elements Test, Cyclic

Triaxial Test, Cyclic Simple Shear Test and Cyclic Torsional Test are of significance

(Kramer 1996; Clayton 2011).

10-8 10-7 10-6 10-5 10-4 10-3 10-2 10-1

γampl

RC device

Field tests (e.g. cross-hole)

Shaking table

Simple shear-/torsional shear test

Cyclic triaxial test

Figure 1.6: Typical ranges of shear strain amplitude γampl for different types of tests (after

Wichtmann 2005)

Furthermore, different tests measure soil dynamic properties at various strain levels: the

resonant column test is suitable for determination of the properties in the range of small

to medium strain levels (i.e. 10−4% to 10−1%), whereas cyclic simple shear, cyclic torsional

and cyclic triaxial tests are generally suitable for the evaluation of large strain dynamic

properties (i.e. > 10−1%). The typical strain ranges corresponding to the various tests are

summed up in Fig. 1.6. For certain strain magnitudes different test types can be applied.

For example, at strains of 10−5 (or 10−3%), the dynamic properties may be estimated

using the RC device and cyclic triaxial devices in the laboratory, or through conducting

field tests (like cross-hole tests).

In general, it is widely accepted that as the level of strain increases, the damping ratio

D also increases while all stiffness moduli (G, E and constrained modulus M) decrease

continuously (Goudarzy 2015; Goudarzy et al. 2018; Payan 2017). At very small strains,

however, the stiffnesses are constant and take their maximum values as Gmax, Emax and

Mmax. The variation of G and D with respect to the shear strain γ is shown in Fig.
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Figure 1.7: Definition of small-strain shear modulus and variations of shear modulus and damp-

ing ratio with shear strain (after Kramer 1996)

1.7. The modulus degradation at a certain shear strain is often quantified by the ratio

G/Gmax. Hence, the maximum value of this ratio is always 1, and with increasing strains,

the ratio decreases due to decreasing G. The damping ratio at very low strains is very

small and denoted as Dmin.

1.3 Motivation and objectives of the present study

From past experiences, it is known that local soil conditions determine the nature and

extent of damages due to dynamic ground motions. Amongst them, granular soils have

significantly gained attention owing to their widespread appearance in nature. The me-

chanical behavior of granular soils has been a long standing interest in the scientific com-

munity, particularly because of their practical importance coupled with difficulties in the

determination of grain contact properties in micromechanical investigations (Yang & Luo

2015). Based on the numerous earthquakes and dynamic motions that occur on a regular

basis the magnitude of damages is different for different locations. For an earthquake of

a similar magnitude on the Richter scale, certain places encounter larger damages while

others remain practically unharmed. One of the prinicipal causes of this difference in soil

behavior is varying particle characteristics as well as other boundary conditions such as

the level of ground water, the possibility of drainage and relative density.

The physical properties of granular soils are dependent on various factors: the grain shape,

size, gradation, mineralogy as well as fines content. Grain size and gradation can be readily

determined in a standard geotechnical laboratory using a standard sieve analysis, while

the determination of grain shape has always proven to be challenging which is why no
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available standard specifies methods for its determination. Therefore, the majority of

studies have described grain shape qualitatively, for example, as angular or round grains

based on certain charts (e.g. Krumbein & Sloss 1963). However, recent computational

approaches (e.g. Sukumaran & Ashmawy 2001; Rasband 2004; Landini 2008; Zheng &

Hryciw 2015) have made it possible to characterize grain shape quantitatively.

In the last few decades, the influence of grain shape on soil properties has significantly

gained attention (e.g. Santamarina & Cho 2004; Cho et al. 2006; Bui 2009; Cavarretta

2009). Alongside, the number of questions and uncertainities with respect to the influence

of grain shape and size has also grown. For example, there have been several disagreements

over the influence of mean grain size d50 on the limit void ratios in granular soils with

some studies suggesting a significant influence (Kolbuszewski & Frederick 1963) contrary

to others (Kabai 1968; Youd 1973; Zheng & Hryciw 2016). In particular, for sand-fines

mixtures, the influence of grain shapes (of both sand and fines) on the limiting void ratios

is an emerging field of research with only a handful of studies (e.g. Chang et al. 2015;

Sarkar et al. 2020).

With respect to the static soil properties, i.e. the mechanical behaviour under monotonic

loading, certain researchers have investigated the influence of grain size (Islam et al. 2011;

Wang et al. 2013), fines content (Phan et al. 2016; Thevanayagam 1998) and mineral

characteristics (Zhao & Liu 2018). A few studies have investigated the mobilization of

the friction angles at the undrained peak shear resistance and steady state (Olson &

Mattson 2008; Santamarina & Cho 2004), fabric (Been & Jefferies 1985), interparticle

friction (Thornton 2000); however, studies on the influence of grain shape are quite rare.

Only a handful of studies in the recent decade may be found on this aspect, e.g. Yang &

Luo (2015), Altuhafi et al. (2016), and Alshibli & Cil (2018). Nevertheless, the variation of

peak friction and dilation angles or steady state parameters (including steady state friction

angle) with varying grain shape are unclear. Regarding the effect of grain shape on cyclic

liquefaction susceptibility, only a couple of studies can be found in the present decade,

e.g. Wei & Yang (2014), Keramatikerman & Chegenizadeh (2017) and Wei et al. (2020)

demonstrating the lack of studies considering these aspects. In the field of small strain

dynamic properties of granular soils, some researchers have recently proposed certain

empirical models to account for the particle characteristics (e.g. Senetakis et al. 2012 and

Payan et al. 2016); however, no studies were performed under intermediate strain ranges

to account for the modulus degradation curve and damping ratio.

Therefore to sum up, limited studies can be encountered in literature dealing with the

influence of grain characteristics (grain size, gradation and shape) on the static, cyclic and
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dynamic behaviour of granular soils. Considering the importance of these properties for

a ground response analysis or the evaluation of the liquefaction risk during earthquakes

or due to man-made dynamic sources, the objective of this thesis is a comprehensive

experimental study on the influence of particle characteristics on the mechanical behavior

of granular materials.

Limit void ratios

D50, Cu

Particle shape (R, S, ρ)

emax, emin = f (Cu, ρ)

Image analysis

Particle size distribution
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Figure 1.8: The complete work packages dealt with in the present study

To achieve the above objectives, the present work is divided roughly into three work

packages (denoted as WP) represented in Fig. 1.8. The first work package deals with

a new set of empirical equations to characterize the limit void ratios emax and emin of

granular materials considering both the influences of grain shape and grain size. The

second work package forms the backbone of the research as it includes various laboratory

studies using monotonic and cyclic triaxial tests along with resonant column tests. Various

aspects of the influence of grain shape, size and gradation on the behavior of granular

materials under monotonic, cyclic and dynamic loading are brought forward. The third

work package interprets the experimental findings from a micromechanical and continuum

perspective. At the end, the experimental data will be used to study the influence of grain
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shape through simulating the ground deformation responses under a certain pre-defined

dynamic motion representating an earthquake.

1.4 Contents of the thesis

This thesis consists of eight chapters, the contents of which may be summarized as follows:

• Chapter 1 introduces the topic, briefly provides the motivation, objectives and lists

the organization of this thesis.

• Chapter 2 presents a comprehensive literature review on the state-of-the-art studies

in the field of particle shape characterization as well as introduces previous stud-

ies investigating the influence of different factors and boundary conditions on the

properties of soils incorporating small to large strains.

• Chapter 3 presents methods for the characterization of grain shape of granular ma-

terials using image analysis procedures. The effect of particle shape and size on the

limit void ratios emax and emin is studied based on own experimental data and data

from the literature. The dependencies are described by a mathematical model.

• Chapter 4 presents the laboratory devices that were used for the experiments along

with a description of their operation and calibration procedures.

• Chapter 5 studies the monotonic and cyclic characteristics of granular materials.

The effects of particle shape and gradation on the various soil properties such as

shear strength, peak friction, dilation and steady state angle are discussed. Results

from cyclic undrained triaxial tests to investigate the influence of grain shape and

gradation on the liquefaction behavior of granular soils are also presented.

• Chapter 6 shows the results for the influence of grain size, shape and gradation

on the shear modulus and damping of granular materials at small to intermediate

strains through an extensive experimental study using the resonant column device.

Additionally, recommendations to quantify grain shape in a more holistic way for

characterizing the shear wave velocity of granular materials was provided.

• Chapter 7 discusses in brief the micromechanics of granular materials using discrete

element modeling. Furthermore, recommendations to consider the influence of grain

shape on the material constants of the elastoplastic SANISAND model were pro-

vided. Ground response analyses were also carried out to study soil deformations

under pre-defined earthquakes in ground with different particle characteristics.



1.4 Contents of the thesis 15

• Chapter 8 summarizes the results from the research as well as provides some rec-

ommendations for future studies.





2 State-of-the-art review

The current state-of-the-art review considers the relevant and most current research con-

cerning the effect of particle characteristics on the behavior of granular soils. It summarizes

and critically analyzes the experimental and computational approaches to determine and

describe the particle characteristics. Additionally, based on the literature review the need

of further research is outlined, which motivated the research presented in subsequent

chapters.

2.1 Physical and mechanical characteristics of particles:

an overview

The formation of sands is a geological process which takes place over thousands of years.

The process of weathering of intact rock is complex and varies depending upon the climate

of the region, which leads to various soils with different mineralogical composition. In

general, sands constitute a unique mixture of mineral particles and voids filled mainly with

air and water. In terms of mineralogy of the grains, quartz dominates along with small

percentages of other minerals such as feldspar, muscovite, chlorite, magnetite, epidote,

etc. Some sands are rich in carbonate. Such types of soils have a significant proportion of

sediment fabric of biogenic origin caused due to wave induced accumulations of sediment

(sand to boulder in size) deposited on shores (Short 2005). Such types of sands may

be encountered in tropical or temperate beaches where a source of carbonate-producing

detritus exists, explaining their widespread prevalence on coral reefs and tidal flats.

The most important processes that impart particle characteristics may again be subdi-

vided based on the grain sizes. For small grains and clay minerals, the effect of chemical

and biological weathering is significant. The disintegration of soil/rock under such effects

occurs fastest under hot and humid climates. An excess of water may lead to leaching

of important clay nutrients and may form acidic soils. In marshy regions having a poor

drainage, the chemical mineralogy is dominated by organic matter. For large grains, the

17
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size and shape is strongly affected by the process of solidification in igneous rocks (Smal-

ley 1966). The older a sand, the higher the probability of it to be rounded since the sand

grains have been subjected to mechanical and chemical weathering for a longer duration.

In addition, with increasing angularity of the grains, the susceptibility of particle breakage

increases. Through the process of water and wind erosion, sand grains are known to be

transported over large distances in rivers, which would cause the surfaces to get smoother

with lesser irregularities, imparting a rounded shape. Such rounded grains are common

in desert regions and can be found commercially, especially in sand-mining regions. One

well-known example is the Ottawa sand, found in the sand-mining pits of Ottawa, Illi-

nois. Angular sands are commonly used for blasting (used to smoothen various surfaces

under high pressures). However, it is important to note that various sands, having various

shapes, sizes and mineralogy, exhibit different intrinsic mechanical properties.

The three most important parameters to describe particle characteristics in engineering

practice are mineralogy, particle size and particle shape. In the following sections, the

influence of particle mineralogy and size are summed up briefly, preceding an exhaustive

review of studies on the influence of particle morphology which forms the core of the

present research.

2.1.1 Particle size and size distribution

Particle size is an important parameter influencing the behavior of individual particles

and the whole packing. The inter-particle friction between two glass spheres increases

with an increase in the sphere size (Skinner 1969) as larger particles may contain a higher

degree of internal flaws which may also lead to an increase in the degree of crushability

and a lower strength (Bui 2009).

It is well established that particle size gradation strongly influences the limit void ratios

(Cho et al. 2006; Sarkar et al. 2019a). A well graded material (with a higher uniformity

coefficient) is expected to show lower void ratio limits and a smaller difference between

the maximum and minimum void ratios than a poorly graded material. However, for

sand-silt mixtures, a higher disparity exists in particle size, where the mean size of the

host material may exceed the mean size of the fines by 6.5 times. In such cases, the soil

skeleton may be more compressible at a certain percentage of fines by weight (called the

threshold fines content) than at any other percentage. The limit void ratios at such fine

content attain their minimum values, after which an increase in fine content leads to an
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increase in the void ratios. A detailed discussion on the influence of the grain size on the

static, cyclic and dynamic soil properties is carried out at a later stage.

2.1.2 Particle mineralogy

One of the most important properties of a soil is it’s mineral content. Properties such as

the specific gravity, Young’s modulus, shear modulus and the Poisson’s ratio are affected

by mineralogy (Terzaghi et al. 1996; Mitchell & Soga 2005). Generally speaking, a higher

value of elastic modulus implies that the soil has a lower compressibility, and can sustain

larger contact pressure, and hence, a larger load bearing capacity than a soil with a low

elastic modulus. As stated before, the main constituent of most sand grains is quartz,

which is a mineral composed of silicon and oxygen atoms in a continuous framework of

SiO4 bearing a tetrahedral shape, chemically represented as SiO2.

In marine environments, sediments can be widely divided into three subgroups: lithogenous,

hydrogenous and biogenous sediments (Noorany 1989). The mineral constituent of car-

bonate sands are however different, since they are formed through the calcareous skeletal

remains of corals, shells of mollusks and algae. Carbonate sands mostly contain hollow

particles and have a rough exterior texture leading to higher particle crushing. In terms

of chemical composition, some sands may also contain traces of phosphorus coming from

the bones and teeth of marine organisms.

In addition, the mineral content of soils is directly responsible for influencing surface

properties such as adsorption/absorption, and electro-chemical bonding leading to var-

ious contact patterns such as face-to-face or edge-to-edge (noticeable in clays). Strictly

speaking, granular materials like sand and non-plastic silt are mostly inert in nature.

Some researchers (e.g. Bowden & Tabor 1950; Horn & Deere 1962; Koerner 1970) have

also suggested that mineral composition can also affect the inter-particle friction coeffi-

cient.

2.1.3 Particle shape: various morphology descriptors

There are different methods for the descriptive and quantitative representation of particle

shape (ISO-9276 6). To incorporate every aspect of external morphology, Barrett (1980)

stated three independent aspects to define particle shape: form, roundness and surface

texture (Fig. 2.1). Considering a 2D projection obtained when particles are dropped onto

a horizontal surface, the form is considered to be a property representative of the macro
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scale geometrical proportions of the particle. It is often represented in terms of sphericity,

which measures the degree of similarity between a particle and a sphere. In the medium

scale, roundness measures the shape of the particle asperities. As a micro scale descriptor,

surface texture or surface roughness is a measure of the roughness that is superimposed

on both corners and edges between corners.

rinsr1

r2

r3

r5

r6

rcir

r4

Particle roughness

Particle roundness

Particle outline

Maximum inscribed

sphere

Circumscribed sphere

Particle sphericity

Figure 2.1: Particle shape terminology (form, roundness and roughness) defined by and modified

after Barrett (1980)

Characterization of particle form

The first systematic approach to shape analysis was forwarded by Wadell during the early

1930s in his work on problems of sedimentation. As pointed out by Wadell (1932), the

behavior of a particle in a suspension could be characterized by the ratio of the surface

area of a sphere having the same volume as the particle (ses), to the actual surface area

of the particle (asp). This ratio was termed as the degree of true sphericity (Ψ), and

mathematically represented as:

Ψ =
ses

asp
(2.1)
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Wadell (1933) also introduced another 2D descriptor, termed as the degree of circularity,

which is the ratio of the circumference of a circle having the same projected area as the

particle, to the actual perimeter of the particle. In a later study, Wadell (1935) introduced

the 2D degree of sphericity (Sw) as:

Sw =
d

dc,min
(2.2)

where d is the diameter of the circle with an area A equal to the area of projection on

the plane of the largest and intermediate particle diameters (L and I respectively) with

the smallest diameter (S ) perpendicular to the plane, and dc,min is the diameter of the

smallest circumscribed circle. He further showed that for all shapes with a flatness ratio

(S/I ) greater than 0.25, the absolute scatter between the two degrees of sphericity (Ψ−Sw)

was in the range of 0.01-0.08, which increased dramatically for flatter shapes (e.g. for S/I

≤ 0.25). Owing to problems in measuring surface area of a particle, it is easier to calculate

the ratio of the volume of a particle to the volume of the circumscribing sphere, the cube

root of which yields the operational sphericity (Wadell 1933). Assuming a triaxial ellipsoid

with three diameters, Krumbein (1941) modified the definition of operational sphericity

(Ψ0) as:

Ψ0 = 3

√
(π/6)× L× I × S

(π/6)× L3
=

3

√
I × S
L2

(2.3)

Rittenhouse (1943) proposed a visual but approximate method for estimating 2D spheric-

ity. A reference chart was prepared by making enlarged camera lucida drawings of a large

number of sand grains (Fig. 2.2). For computation of sphericity in the reference charts, the

Wadell (1935) method was used. For visual determination of particle sphericity, individual

grains were magnified and compared with the reference chart.

Corey (1949) hypothesized that a particle will generally fall with the largest projected

area normal to the direction of fall. He reasoned that flatness is a significant shape factor

and combined the flatness ratios S/L and S/I to define the Corey shape factor (CSF ):

CSF =

√
S × S
L× I =

S√
L× I (2.4)

In other words, CSF is also the square root of the ratio between the cross section of the

maximum inscribed sphere and the maximum projected area of a particle, and can be

considered as a sphericity index. At the same time, Aschenbrenner (1956) argued that
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Figure 2.2: Visual chart for determination of 2D particle sphericity (after Rittenhouse 1943)

sedimentary sand grains do not have smooth surfaces like an ellipsoid and suggested con-

sidering particle shape as a solid with 14 faces (tetradecahedron). Furthermore, applying

the concept of true sphericity as given by Wadell (1932), Aschenbrenner (1956) proposed

working sphericity (Ψw):

Ψw = 12.8
3
√
p2q

1 + p(1 + q) + 6
√

1 + p2(1 + q2)
(2.5)

where p is the ratio of the smallest to the intermediate diameter (S/I ) and q is the ratio

of the intermediate to the largest diameter (I/L).

According to Sneed & Folk (1958), the drag force on an ellipsoid is proportional to the

maximum projected area as the ellipsoid has a tendency to orient itself with the maximum

projected area normal to the direction of motion. With this reasoning, they introduced

the maximum projected sphericity (Ψp), which is defined as the cubic root of the ratio

between the projected area of the inscribing sphere and the maximum projected area of

a particle:

Ψp =
3

√
S2

L× I (2.6)

As evident from the above discussion, there are many different definitions of sphericity

based on various theoretical considerations and specifications of their definition. Mitchell
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& Soga (2005) and Zheng & Hryciw (2015) summarized the five most popular definitions

of sphericity as follows:

• Area sphericity

SA =
As
Acir

(2.7)

• Diameter sphericity

SD =
Dc

Dcir

(2.8)

• Circle ratio sphericity

SC =
Dins

Dcir

(2.9)

• Perimeter sphericity

SP =
Pc
Ps

(2.10)

• Width to length ratio sphericity

SWL =
d2

d1

(2.11)

As and Acir are the projected area of the soil particle and the area of the minimum

circumscribing circle respectively; Dc, Dins and Dcir represent the diameter of a circle

having the same projected area as the particle, the diameter of the largest inscribing circle

and the diameter of the minimum circumscribing circle respectively; Pc and Ps are the

perimeter of a circle having the same projected area as the particle and the perimeter of

the particle respectively; and d1 and d2 are the length and width of a particle respectively.

Characterization of particle roundness

Wadell (1932) pointed out that while sphericity is essentially a 3D particle property,

roundness can only be measured in a single plane. According to him, a corner may be

defined as any single part of the projected outline of a particle which has a radius of

curvature r less than or equal to the radius rins of the maximum circle inscribed within the

given projected outline. Extending this concept for all the corners inside the particle on a

particular plane, Wadell defined the degree of roundness Rw as the arithmetic mean of the

roundness of the individual corners in that plane, divided by rins defined mathematically

as:

Rw =

∑N
i=1

ri
N

rins
(2.12)
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whereN represents the number of corners of radius ri, with 0≤ri≤rins. Wadell’s concept of

2D roundness was based on the theory that particles align on a horizontal surface in such a

manner so that the maximum projected areas are visible for imaging. However, one major

drawback of this definition of roundness was that it is a scale dependent parameter and

varies with image magnification (Cavarretta 2009). On the contrary, Lees (1964) disagreed

with Wadell’s definition of roundness stating that it might not be applicable to crushed

rock particles. He postulated a non-empirical method for determining the angularity of

particles, considering the three main characteristics of angularity:

1. The degree of acuteness, which is the angle existing between the considered faces,

measured in the plane of normal to these faces,

2. The relative projection, which is the projection of the tip of the corner from and

relative to the size of the largest internal spherical mass of the particle, and

3. The number of angular corners.

A term, the angularity number, was suggested based on the angles subtended at corners

by the particle:

Angularity number =
∑ (180− α)× x

R
(2.13)

where R is the radius of the largest inscribed circle, x is the distance between a corner

tip and the center of the largest inscribed circle, and α is the angle at the corresponding

corner. A practical difficulty of the method suggested by Lees (1964) is the determination

of the center of the largest inscribed circle (Bui 2009).

Mandelbrot (1977) and Vallejo (1996) used fractal dimension to describe particle out-

lines. Glass beads, Ottawa and Pittsburgh sands were photographed by a 35 mm camera

attached to a microscope, and an image analyzer and digitizer (for converting analog im-

ages into digital ones) was employed to obtain geometric information (area, perimeter,

diameter, aspect ratio and fractal dimension).

However, it is argued by Sukumaran & Ashmawy (2001) that fractal analysis often fails

to distinguish between particles of vastly different shapes. Also, it was noticed that large

changes in particle morphology were reflected by small changes in fractal dimensions. To

overcome this shortcoming, shape and angularity factors (analogous to Wadell’s sphericity

and roundness), were proposed for quantifying numerically a 2D projection of a particle.

It was also shown that the shape and angularity factors provided independent measures

of particle shape and angularity.
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A mathematical descriptive technique based on Fourier analysis for characterizing 2D

particle shape was forwarded by Ehrlich & Weinberg (1970). They estimated grain shape

through an expansion of the periphery radius as a function of angle about the grain’s

center of gravity. The radius R(θ) is given by:

R(θ) = R0 +
∞∑
n=1

Rn cos(nθ − φn) (2.14)

In the above expression, θ is defined as the polar angle measured from an arbitrary

reference line, R0 is equivalent to the average radius of the grain in the given plane,

Rn and n represent the harmonic amplitude and harmonic order respectively, while φn

denotes the phase angle. However, one major drawback of this method was encountered

with highly irregular particles, where the particle profile doubles back upon itself causing

the radius to intersect the outline twice.

Visual methods for particle characterization

Wadell (1932) proposed a chart based on a visual examination of sand particles picked from

different grade sizes of grains of St. Peter sandstone and enlarged to approximately the

same size, as can be seen from Fig. 2.3. The values provided below the images are defined

as Roundness/Sphericity. This method was completely based on eye estimation causing a

higher probability of human errors. However, the first systematic and generalized attempt

at classification of particles in terms of particle form can be traced back to the mid 1930s,

where Zingg (1935) proposed a chart (Fig. 2.4) dividing particles into four categories: disc

(oblate), spheroid, blade and roller (prolate), based on elongation (I/L) and flatness (S/I )

of a particle. Although straightforward, the chart suffers from a major disadvantage while

characterizing natural sand particles as the resulting diagram is overpopulated in sectors

I, II and IV of the chart for values of I/L and S/I higher than 2/3.

Considering a particle to be a triaxial ellipsoid with long intermediate and short diameters

denoted as a, b and c respectively, Krumbein (1941) presented a new expression for

sphericity, termed intercept sphericity, defined as:

Ψi =
3

√
bc

a2
(2.15)

Adopting Zingg’s chart for form characterization, a new chart combining the existing

Zingg’s chart and the chart based on intercept sphericity, was proposed as shown in
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Figure 2.3: Visual chart for determination of particle form (after Wadell 1932): values for each

geometry are represented as roundness over sphericity

Disc (Oblate) Spheroid

Blade
Roller 

(Prolate)

I II

III IV

2/3

2/3
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n
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 =
 I

/L

Flatness = S/I

Figure 2.4: Classification of particle form, modified after Zingg (1935)

Fig. 2.5. Although the concept of intercept sphericity is not in terms with the true spheric-

ity, this method has the added advantage of showing how different forms may have the

same value of sphericity. As noted by Krumbein & Sloss (1963), the line representing an

intercept sphericity of 0.5 sweeps through three classes: disc, blade and roller. However,

Powers (1953) claimed that the visual method of Krumbein (1941) was slow and that

the roundness class intervals were too small to be of significance. Six roundness classes

between 0.12 and 1 (see Table 2.1) to determine roundness depending on either low or

high values of sphericity were proposed: very angular, angular, sub-angular, sub-rounded,

rounded and well rounded.
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Table 2.1: Roundness classification chart suggested by Powers (1953)

Grade terms Class intervals Geometric means

Very angular 0.12-0.17 0.14

Angular 0.17-0.25 0.21

Sub-angular 0.25-0.35 0.30

Sub-rounded 0.35-0.49 0.41

Rounded 0.49-0.70 0.59

Well rounded 0.70-1.00 0.84

Sneed & Folk (1958) criticized the original Zingg’s chart stating that it was inadequate

for any detailed description of form since the chart had only four highly disproportion-

ate classes. Consequently, they suggested using a triangular chart for form classification

(Fig. 2.6). As pointed out by Cavarretta (2009), one major disadvantage of the Sneed

and Folk chart is the inability to distinguish blade from roller like particles in a material

having a high concentration of both types of particles.

Down the years, Krumbein & Sloss (1963) proposed a classical chart (Fig. 2.7) with

intervals of 0.2 incorporating both particle sphericity and roundness, and which has far

reaching consequences in studies relating to particle shape. Although the exact procedure

for the preparation of this chart was not discussed, the sphericity was reported to be

related to the proportion between length and breadth of the projected sections while

roundness was based on the curvatures formed by the outlines. Cavarretta (2009) inferred

that their definition might have been based on the circle ratio sphericity (also termed

irregularity), which as noted earlier, is the ratio between the diameter of the largest

inscribed circle to the diameter of the smallest circumscribed circle of the particle.

In recent years, Altuhafi et al. (2013) used 36 sands to characterize particle shape using

angularity ratio (AR), sphericity (S) and convexity (Cx) to represent particle shape. With

the QICPIC system, these three shape measurements were calculated, which prevented

any scale dependent calculation, that is used in the evaluation of roundness. In agreement

with the analysis of Powers’ chart, angular particles generally had the lowest combined

values of convexity and sphericity, whereas rounded particles had the highest. Empirical,

graphical relationships between the values of convexity and sphericity and the qualitative

shape measures (i.e. angular, subangular, subrounded, and rounded) were also developed.

In addition, Altuhafi et al. (2016) proposed a parameter based on the sphericity, angularity

and convexity of materials and denoted it as SAGI which was able to locate the posi-

tion of a material in 3-D space of AR, Cx and S. A smaller SAGI (SAGI <10) refers to
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a rounded material, whereas a SAGI greater than 12 would represent an angular material.
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Figure 2.5: Classification of particle form suggested by Krumbein (1941): red dashed lines denote

the classification borders as defined in the original Zingg’s chart
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Figure 2.6: Triangular chart for form classification, adopted and redrawn after Sneed & Folk

(1958)
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Figure 2.7: Visual chart for obtaining sphericity and roundness, after Krumbein & Sloss (1963)

Recent computational approaches to characterize grain shape

To simplify efforts in obtaining shape parameters, Zheng & Hryciw (2015) through compu-

tational geometry, developed methods for determination of soil particle sphericity, round-

ness and surface roughness. The digitization of Wadell’s roundness was not an easy task

as it called for a removal of the roughness and the particle’s corners needed to be fit-

ted with appropriate circles. The accuracy of the computational algorithm developed was

verified with an excellent match with manually calculated results as well as the results of

Krumbein & Sloss (1963). However, for image analysis, images with a minimum of 200

pixels per circumscribing circle diameter are required for accurate results.

Druckerey et al. (2016) developed a computer code to analyze 3D images of granular mate-

rials to measure particle lengths, volume, surface area, global centroid location and orien-

tation using high resolution synchrotron micro-computed tomography (SMT) to quantify

individual particle morphology including contact location and orientation. The major

drawback however, was that for images with a high file size and a high number of parti-

cles, the computational time was considerably large - requiring over 70 GB RAM and 4-5

hours of computing time.

Furthermore, Zhou et al. (2018) developed a spherical harmonic analysis to reconstruct

a 3D realistic surface of the sand particles based on X-ray micro-computed tomographic

images collected from a series of image-processing techniques. As particle shape descrip-

tors, three dimensional sphericity and roundness were used. Based on the analysis, their



30 2 State-of-the-art review

methods proved to be efficient in capturing the 3D morphology, and the authors have kept

the door open for more sophisticated and accurate discrete-element modeling in future.

Particle surface roughness

While sphericity and roundness are particle measurements in the macro and medium

scale, particle surface texture is a measurement in the micro scale. Bhushan (2001) states

that ”the surfaces contain irregularities of various orders ranging from shape deviations

to irregularities of the order of interatomic distances”. Therefore it can be concluded

that every surface has certain indentations no matter how smooth it may apparently

seem to the naked eye. Furthermore, Bhushan (2001) categorizes surface texture into four

distinctive regions: (1) roughness (nano and micro-scale roughness), (2) waviness (macro-

roughness), (3) lay and (4) flaws. Since any natural surface can be defined through many

scales, measurement of surface indentations can be therefore directly attributed to the

sensitivity of the measuring device.

In one of the early attempts at understanding particle roughness, Richardson (1961) no-

ticed that some natural surface profiles are self similar over a broad range of scales,

meaning that the surfaces seem repetitive under different scales of magnification. A re-

lationship was proposed between the length λ of the reference step of the measurement

and the length of the profile P (λ) as a set of points on the log-log plot. The slope of the

line fitting the experimental data was observed to be nearly constant for λ varying over a

broad range of scales. The slope of the constant line was (1-DFID
), with DFID

representing

the 2D fractal dimension of the surface.

Later, in an attempt to measuring the fractal dimension of a fractured surface, Friel &

Pande (1993) stated that the fractal dimension of a self-similar surface can be represented

as:

S(η2) = logC − [(Ds − 2)/2]× log η2 (2.16)

Slope = (Ds − 2)/2 (2.17)

where S(η2) refers to the surface area at scale η (same as λ), Ds refers to the fractal

dimension, and C is a constant. In general, for a geometrical entity (defined by the length

of a profile or area of a surface) Mge with n number of dimensions, the expression of the
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fractal dimension DFnD
of a self-similar geometric entity can be derived as the slope of

the line log [Mge(λ
n)], log(λn) (Cavarretta 2009):

DFnD
= n× (slope) + n (2.18)

In the scope of the present work, surface roughness is not taken into consideration: there-

fore a detailed state-of-the-art is not presented. As a reference, some other relevant sug-

gested studies relating to particle roughness are Greenwood & Williamson (1966), Green-

wood & Tripp (1967), Whitehouse & Archard (1970), Stremler (1982), Mate (2008),

Cavarretta (2009), Cavarretta et al. (2010), Cavarretta & O’Sullivan (2012) and Yang

et al. (2016).

2.2 Influence of particle characteristics on the limit void

ratios

2.2.1 Influence of the particle size and gradation

The influence of the grain size on the maximum and minimum void ratios (emax and emin

respectively) has been a point of investigation since the early 1930s. Burmister (1938)

reported that when the range of particle sizes is larger, the density increases and, conse-

quently, the void ratios are lower. One major drawback of the work was that the methods

employed for obtaining the maximum density values did not provide an adequate mea-

sure for maximum density (Youd 1973). Later, in the 1960s, Kolbuszewski & Frederick

(1963) demonstrated that the density limits of sands increase with increasing particle size

although insufficient data was provided to back up their claim.

Kabai (1968) showed that a good correlation existed between maximum and minimum

densities determined in the laboratory and the uniformity coefficient for Danube river

sands. The minimum density was measured by pouring sand into a mold through a fun-

nel, whereas maximum densities were obtained by compaction tests similar to standard

compaction procedure (ASTM-D1557 07). The major drawback of their method was the

limited accuracy of the maximum density while the effect of particle shape was totally

ignored.

In one of the more well-known studies, Youd (1973) found that the influence of the mean

grain size on the limit void ratios was negligible although larger grain sizes had slightly
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lower void ratios, which was also in agreement with the findings of Cubrinovski & Ishihara

(2002). They reported a significant influence of Cu where well-graded sands had smaller

void ratios than uniformly graded ones. In addition, they proposed curves based on grain

roundness and gradation as reference for determining emax and emin for clean sands (refer

Fig. 2.8).

Figure 2.8: Generalized curves for estimating limit void ratios from gradational and particle

roundness for clean sands (after Youd 1973)

Miura et al. (1997) examined the physical properties of sands and classified them further

into primary and secondary properties, with the primary properties representing the per-

manent properties of soil grains such as mineralogy, shape, density and size distribution.

Experiments were carried out in an attempt to study the relationships between primary

and the index properties of sands. They concluded the following: emax, emin decrease

with increasing d50 or Cu (Fig. 2.9a,b), the difference between the limiting void ratios

(emax − emin) decreases with d50 but not with Cu (Fig. 2.9c), emax − emin increases with

increasing angularity and the angle of repose is independent of both d50 and Cu.

In recent studies, Zheng & Hryciw (2016) confirmed the findings of Youd (1973) and

proposed equations to predict the limit void ratios for granular soils considering Cu as the
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Figure 2.9: Variation of limit void ratios of clean sands with particle gradational characteristics

after Miura et al. (1997)

relevant grain size parameter. They proposed the following equations for emax and emin

using roundness R, sphericity S, uniformity coefficient Cu and reference void ratios emax
◦

and emin
◦ for glass beads having R = S = Cu = 1 respectively:

emax = R−0.20 S−0.25C−0.10
u emax

◦ (2.19)

emin = R−0.15 S−0.25C−0.15
u emin

◦ (2.20)

2.2.2 Influence of the particle shape

The first document which attempts to classify soil grains based on particle roundness can

be traced back to Russell & Taylor (1937). Through visual examination and comparison

with reference photographs, they proposed five classes for shape, varying from angular to

well rounded. A tendency for the larger grains to possess both higher sphericity values

and a higher degree of roundness was reported. In terms of mineralogy, a decreasing

roundness was observed for minerals having a higher degree of quartz. A couple of decades

later, Kolbuszewski & Frederick (1963) demonstrated that the density limits of sands

increase with increasing particle size and decrease with increasing angularity. Using the
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tipping method (Kolbuszewski 1948), the minimum void ratios were obtained, whereas

the maximum void ratios were determined by depositing sand in a vacuum.

One of the classical attempts at characterizing the limit void ratios using both the particle

shape and size was done following procedures listed in ASTM-D2049 (69) by Youd (1973)

through a comprehensive laboratory program. The results indicated that particle mean

size has no effect on the limit void ratios unlike the uniformity coefficient and roundness,

an increase in each of which causes a decrease in the limiting void ratios. However, the

influence of particle sphericity was not taken into consideration in the analysis.

Yasin & Safiullah (2003) used sphericity, elongation and flakiness as particle characteristics

to investigate the strength and volume change behavior of sands. Surprisingly, the sands

with higher sphericity were found to show higher void ratios than angular ones, contrary

to Youd (1973) and Miura et al. (1997).

One of the most comprehensive discussions highlighting the importance of the role of

particle shape on soil mechanical properties and the need for its characterization was

delivered by Santamarina & Cho (2004). In addition to particle shape characterized by

roundness and sphericity, roughness was also identified as another influencing parameter

in affecting mechanical behavior of soils. Besides, a comprehensive discussion on the effect

of particle shape on certain parameters (oedometric stiffness, small strain stiffness, critical

state, dilation and peak friction angle, monotonic and cyclic liquefaction) was provided.

Through a continuation of the work, Cho et al. (2006) carried out a comprehensive and

extensive study to rigorously investigate the effect of particle shape on the limit void

ratios (refer Fig. 2.10), critical state friction angle, intercept and slope of the critical state

line using a huge database compiled from literature. A new parameter called regularity,

which considers both the effect of roundness and sphericity, was introduced: a decrease in

regularity leads to an increase in the limit void ratios and the void ratio interval, decrease

in the small strain stiffness but increased sensitivity to the state of stress, increase in the

critical state angle, intercept and the slope of the critical state line. This study is one of

the most comprehensive ones to investigate the various aspects of particle shape in detail.

A decreasing non-linear variation of the limit void ratios with increasing particle roundness

was suggested by Rousé et al. (2008) although the parameter sphericity was not used (ref.

Fig. 2.11). In recent years, Altuhafi et al. (2016) evaluated the effect of size, shape, and

mineralogy on the mechanical behavior of sands using a compiled database of 25 sands

and encountered a decreasing trend of the limit void ratios with increasing aspect ratio

(AR), convexity (Cx) and sphericity (S). Furthermore, a new parameter (SAGI) which

considers the effects of AR, Cx and S was proposed, which takes a higher value for
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Figure 2.10: Effect of grain shape descriptors (a) Roundness R, (b) Sphericity S and (c) Reg-

ularity ρ on extreme void ratios (after Cho et al. 2006)

angular materials. Zheng & Hryciw (2016) formulated new equations (Eqs. 2.19 and 2.20)

incorporating the influence of grain roundness and sphericity to characterize granular

soils, where they claimed the superiority of their model in comparison to the model using

only roundness presented by Youd (1973).

2.3 Mechanical characteristics of soils

In this section, a comprehensive discussion on the effect of particle size, mineralogy and

shape on the engineering properties of granular materials follows. The subsections are

divided into three parts - static (monotonic) tests, cyclic tests and small-strain dynamic

characteristics.

2.3.1 Static and intrinsic properties of granular materials

2.3.1.1 Effect of particle size

One of the earliest studies that deals with the effect of particle size and grading on the

shearing behavior of granular materials may be found in Kirkpatrick (1965). Through a

series of drained triaxial tests on sand and glass beads, the shear strength of the granular
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Figure 2.11: Influence of roundness R on extreme void ratios of granular soils (after Rousé et al.

2008)

materials was found to be independent of particle size and grading. On the contrary, an

increase in the shear strength with an increase in the average particle diameter and a

decrease in the uniformity coefficient Cu was found by Wang et al. (2013) on accumulated

soils (rock-soil debris deposit), similar to the results of Kolbuszewski & Frederick (1963)

and Zolkov & Wiseman (1965). The results also fit the observations of Kokusho et al.

(2004) who reported similar findings from their monotonic tests on two different granular

soils with three different gradations. Similar observations were made in Islam et al. (2011).

Therefore, it can be concluded that the peak shear strength and friction angle are found

to generally increase with increasing d50.

In recent years, Islam et al. (2011) found an increase in the shear strength as well as

the angle of internal friction of soils with increasing gradation (Cu) on their tests en-

compassing 8 uniformly distributed samples and 2 well-graded sands. In a later study,

Harehdasht et al. (2017) examined the potential influence of particle-size distribution on

stress-dilatancy behavior of granular materials from the results of 35 conventional drained

triaxial compression tests. They found that the shear strength and dilatancy of the vari-

ous tested materials were independent of Cu but decreased with increasing mean particle

size (d50), which was in contrast to the findings of Wen et al. (2018), who found an op-

posite trend through discrete element method (DEM) simulations under biaxial testing

conditions. Later, Zhou et al. (2017) found an increase in the maximum friction angles

for a higher Cu through DEM simulations. To conclude, the influence of Cu on the sand
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behavior under monotonic loading and particularly shear strength remains unclear and

needs further investigations.

2.3.1.2 Effect of particle mineralogy

From past experiences, it is widely known that the properties of granular soils having

different mineralogy (such as carbonate soils) are vastly different from siliceous ones.

Generally, calcareous carbonate sands are softer than quartz-dominated ones (Agarwal

et al. 1977). The strength of such carbonate sands may increase with a certain amount

of cementation. Agarwal et al. (1977) reported that for carbonate contents higher than

45% and at higher normal stresses, particle breakage accelerated. The low yield strength

of carbonate sands was further confirmed by Hyodo et al. (1996) where it was noted that

the isotropic yield strength for calcareous based sands was 300 kPa while it was 10 MPa

for Toyoura sand, a quartz based sand.

Brandes (2011) found larger peak friction angles for carbonate sands compared to quartz

based sands due to the different volume change tendencies resulting from different miner-

alogy; however, at larger stresses, friction angles decreased owing to significant breakage.

Based on a series of monotonic triaxial tests, Hassanlourad et al. (2014) also concluded

larger shear strengths of carbonate sands compared to quartz based sands. The strain

softening behavior of such sands was found to be more pronounced than in case of quartz

based sands. Furthermore, the effect of soil density on carbonate sands was less pro-

nounced as the discrepancies between effective stress paths of dense and loose samples of

carbonate sand was less than that for Firoozkooh quartz sand. Similar to Brandes (2011),

a higher friction angle (by approxmiately 5◦) was also noted for the carbonate sands.

2.3.1.3 Effect of particle shape

Particle shape significantly affects the shear strength of granular materials. A look at

literature demonstrates that granular materials with spherical particles usually have a

smaller angle of repose and reduced shear strength as compared to non-spherical particles

due to the presence of rotation and lack of interlocking between particles (Rothenburg

& Bathurst 1992), although no concrete evidence of the same was augmented by experi-

mental studies until the early 2000s. Rousé et al. (2008) suggested a linear increase of the

friction angle for increasing angularity, similar to the observations of Yasin & Safiullah

(2003) and Cho et al. (2006). Yang & Wei (2012) may be one of the firsts to carry out com-

prehensive experiments to study the influence of grain shape. They carried out a series of
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undrained triaxial tests on mixtures of uniform quartz sands (Toyoura and Fujian sands)

and non-plastic fines (angular crushed silica and round glass beads). Besides the shape

of host material, the shape of fines was found to affect the critical state friction angle. A

small amount of angular silica within the host soil increased the critical state friction an-

gle while an addition of fine round glass reversed the trend (refer Fig. 2.12). In addition,

collapsibility (i.e. strain softening due to flow liquefaction) was also related to particle

shape, with rounded materials showing a higher degree of collapsibility. They concluded

that in binary mixtures composed of both rounded host and fine material, the preferred

motion is rolling which yields an unstable microstructure unlike angular host and fines,

which yielded a stable microstructure due to interlocking which prevents rolling. Shin &

Santamarina (2013) used mixtures of round Ottawa 20-30 sand and angular blasting sand

to demonstrate that an increase in the angularity of particles implied an increase in void

ratio, small-strain shear modulus, oedometric compressibility and friction angle, and a de-

crease in the lateral stress coefficient. The presence of angular particles caused a decrease

in the particle mobility thus increasing interlocking although preventing the formation

of densely packed sands, consequently leading to a higher friction angle. In the field of

beach sediment dynamics, Stark et al. (2014) demonstrated that elliptic, platy particles

showed high internal friction angles (41◦ − 49◦) in direct shear tests, whereas a round to

angular gravel had a lower friction angle (33◦). Similar observations were also reported

by Abbireddy & Clayton (2015) and Keramatikerman & Chegenizadeh (2017) through

triaxial compression tests using various materials with different degrees of angularity.

The dominant role of grain shape against grain hardness in static liquefaction of sand-

fines mixtures was demonstrated through a series of strain-controlled tests by Wei &

Yang (2014). Round fines were found to increase the liquefaction potential while the

opposite trend was observed when adding angular fines (Yang & Wei 2012). For mixtures

containing rounded materials with a large size difference between the coarse and fine

grains, the grains favored rolling motion yielding an unstable microstructure, thus causing

stick-slip hysteresis response in the q− p′ curves. A notable reduction in the steady state

friction angle was observed with increasing the amount of rounded fines. In a later study

investigating the influence of the relative size and shape effects of the silt grain matrix

within the sand on static liquefaction, Monkul et al. (2017) observed that the static

liquefaction potential increased with a decrease in the uniformity coefficient and with a

decrease in the mean grain diameter ratio (d50,sand/d50,silt). Contrary to the findings of

Yang & Wei (2012), the angular TT silt caused more metastable contacts in the specimen

than the sub-rounded SI silt, as a result of which, the specimens with TT silt liquefied

easier than the ones with SI silt.
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Using three types of sand, natural, crushed and mixed (50% natural+50% crushed), the

effect of particle shape on monotonic liquefaction was investigated through triaxial com-

pression tests by Keramatikerman & Chegenizadeh (2017) where a decrease in strength

was encountered as the values of particle shape descriptors (i.e. roundness, sphericity and

regularity) increased. In addition, soil with higher rounded particles tended to liquefy ear-

lier, an observation which was similar to some previous reports although the influence of

grain size was not considered. In recent studies, Cherif Taiba et al. (2018) investigated the

effects of particle shape on the shear response of different categories of sand-silt mixtures

under static triaxial loading conditions. At low silt contents, the angular host materials

showed significantly higher values of undrained shear strength while, at fines greater than

40%, the rounded host materials displayed a higher undrained strength. Additionally, the

combined roundness and sphericity of the sand-silt mixtures was suggested as the decisive

shape descriptors, instead of using individual shapes for either sand or silt.

Figure 2.12: Variation of the steady state friction angle with combined roundness (overall

roundness of mixture by weighted mass of host and fines) after Yang & Wei (2012). TS, TSS,

TG, FS, FSS and FG refers to clean Toyoura sand, Toyoura sand with crushed silica and with

glass beads, clean Fujian sand, Fujian sand with crushed silica and with glass beads respectively

2.3.2 Cyclic properties of granular materials

One of the most important characteristics of soils in geotechnical earthquake engineering

is it’s liquefaction resistance, i.e. the ability of the soil to resist dynamic loads without
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showing a significant build-up of excess pore water pressure accompanied by a relevant

loss in the shear strength. While the influence of certain factors such as the cell pressure

(Castro & Poulos 1977; Seed 1981; Amini & Qi 2000; Hyodo et al. 2002; Bray et al. 2005;

Rangasamy et al. 2010), degree of saturation and back pressure (Sherif et al. 1977; Yoshimi

et al. 1989; Xia & Hu 1991; Yang et al. 2004), sample size (Wong et al. 1975; Campanella

& Lim 1981), strain rate/frequency (Tatsuoka et al. 1986; Yamamuro & Lade 1993; Zhang

1994) and end constraints such as lubricated end platens (Vernese & Lee 1977; Tatsuoka

et al. 1984; Tatsuoka et al. 1986) have been investigated and studied in great detail over

the last 50 years, only few studies exist which deal with the influence of grain size and

gradation, mineralogy and grain shape on the liquefaction resistance of granular soils.

2.3.2.1 Effect of particle size and gradation

A majority of the studies focus on the differences between sand and gravelly soils. Wong

et al. (1975) showed that the liquefaction resistance of poorly graded gravelly soils was

larger than that of sand possibly partially due to artificial effects of membrane compliance

in large scale undrained cyclic triaxial tests. Similar observations were encountered in later

studies by Tanaka et al. (1987) and Evans & Zhou (1995). Investigations by Vaid et al.

(1990) showed that at lower densities, poorly graded water-deposited sands had lower

cyclic strengths than well-graded ones, whereas the trend reversed at higher densities.

Their study pointed out two factors: both the gradation and density affect the liquefaction

resistance of sands.

2.3.2.2 Effect of particle mineralogy

Based on past experiences, although carbonate sands have a lower hardness than quartz

sands, loose carbonate sands are shown to have a larger cyclic resistance as compared to

loose quartz sands at similar stress conditions (Chen 1985; Hyodo et al. 1996; Morioka

& Nicholson 2000; Nicholson 2006). Further confirming the above observations, Brandes

(2011), Sandoval & Pando (2012) and Hassanlourad et al. (2014) reported that the cyclic

liquefaction resistance of calcareous sands was higher than that of quartz sands. This

could have resulted from the differences in grain shape and gradation. However, due to

particle crushing, the undrained cyclic strength of such sands was found to decrease with

increasing initial static deviator stress.
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2.3.2.3 Effect of particle shape

Kokusho et al. (2004) and Kokusho (2007) investigated the influence of the uniformity

coefficient Cu on the liquefaction resistance of six sands of medium density (ID = 0.50).

The tested sands could be grouped into two different geological origins: river and decom-

posed granite soils. The relatively round river sand was found to show a higher cyclic

liquefaction resistance (defined as the number of cycles needed for a double strain ampli-

tude of 5%) compared to the angular granite (Fig. 2.13a). In a similar way, the results

of Hara et al. (2004) (see Fig. 2.13b) indicated that the grain shape along with the gra-

dation dominates the cyclic resistance of sands although the authors failed to recognize

this in their studies. Unfortunately, till date, the combined influence of grain shape and

gradation on the liquefaction resistance of sands has not been sufficiently studied, which

constitutes one of the major objectives of this research.

(a) 

 

(b) 

 

 

Figure 2.13: Relationship between cyclic stress ratio for 5% double amplitude strain and (a) the

number of loading cycles and (b) uniformity coefficient for a medium dense sample (ID = 50%)

under mean effective stress of 98 kPa after Hara et al. (2004). RS and DGS refers to rounded

river and angular granite sands respectively, while the numbers denote different gradations

2.3.3 Dynamic small/intermediate strain properties of granular soils

The key soil dynamic parameters considered during seismic analysis of geo-structures are

the shear wave velocity (vs), primary wave velocity (vp), shear modulus (G = ρv2
s), elastic

/ Young’s modulus (E = ρv2
p), constrained elastic modulus (M), Poisson’s ratio (ν) and

the damping ratio (D). To assess the stress-strain response of soils and facilitate reliable
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predictions of deformation under static and dynamic loadings, the small-strain dynamic

properties as well as the stiffness degradation behaviour of geo-materials with increasing

strain level must be determined correctly. In general, the dynamic properties of soils are

influenced by certain factors, such as the void ratio / relative density, confining pressure,

degree of saturation, mineralogy, plasticity properties, grain size characteristics, particle

shape, over-consolidation ratio, stress history, loading frequency, inherent anisotropy and

stress anisotropy (Hardin & Richart 1963; Hardin & Black 1968; Hardin & Black 1969;

Chung et al. 1984; Nakagawa et al. 1997; Cho & Santamarina 2001; Cho et al. 2006;

Wichtmann & Triantafyllidis 2009; Wichtmann & Triantafyllidis 2010; Senetakis et al.

2012; Payan 2017). Based on strain level, they can be further divided into two parts,

which are discussed separately in the following.

2.3.3.1 Small-strain range (γ < 10−5)

i) Effect of void ratio and confining pressure

The first documented studies on the determination of small-strain shear and elastic mod-

ulus date back to the 1960s (Hardin & Richart 1963; Hardin 1965; Hardin & Black 1968;

Hardin & Black 1969; Drnevich 1967; Drnevich et al. 1967; Drnevich & Richart 1970).

These studies identified the void ratio, confining pressure, over-consolidation ratio, soil

structure, gradation, grain shape and mineralogy to affect the small-strain stiffness of

soils. Using the RC device, Hardin & Richart (1963) obtained the shear wave velocity of

sandy soils under isotropic stress conditions. They identified the void ratio and confining

pressure as the two most significant factors which determine shear wave velocity. As years

progressed, a host of researchers including (but not limited to) Hardin & Black (1968),

Hardin & Black (1969), Hardin & Drnevich (1972a), Hardin & Drnevich (1972b), Sherif

& Ishibashi (1976), Hardin (1978), Iwasaki et al. (1978), Kokusho (1980), Chung et al.

(1984), Yu & Richart (1984), Seed et al. (1986), Saxena & Reddy (1989), Jamiolkowski

et al. (1991), Ishihara (1996), Stokoe et al. (1999), Wichtmann & Triantafyllidis (2009)

and Senetakis et al. (2012) used experimental data to formulate empirical models for the

estimation of the small-strain shear modulus of sands. The generally used form is denoted

by Eq. 2.21:

Gmax = Af(e)
( p′

pa

)n
(2.21)
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where f(e) is the void ratio function, p′ is the mean effective stress, pa is the atmospheric

pressure (used as a reference for normalization purposes) and A and n are the model

parameters to be determined experimentally. The expression determining the influence of

p′ has remained unchanged ever since, while different researchers have proposed various

void ratio functions. Hardin & Richart (1963) suggested the void ratio function f(e) as:

f(e) =
(2.17− e)2

1 + e
(for rounded materials) (2.22a)

f(e) =
(2.97− e)2

1 + e
(for angular materials) (2.22b)

Saxena & Reddy (1989) used another void ratio function (Eq. 2.23).

f(e) =
1

0.3 + 0.7e2
(2.23)

Based on experimental results, Jamiolkowski et al. (1991) suggested a power function (Eq.

2.24) for the variation of Gmax with e:

f(e) = e−d = e−1.3 (2.24)

Previous studies have proposed a great number of empirical expressions bearing the gen-

eral form of Eq. 2.21 based on experiments on different sands. Some of these studies are

listed in Table 2.2. However, considering the significant scatter in the predicted values,

it is clear that other factors such as mineralogy, fines content, grain size and shape and

stress path affect Gmax in soils.

Table 2.2: Existing empirical Gmax expressions proposed in the literature

Reference Name of sand A (MPa) f(e) n

Hardin & Richart (1963) Rounded Ottawa sand 70 (2.17−e)2
1+e 0.50

Angular crushed quartz sand 33 (2.97−e)2
1+e 0.50

Iwasaki et al. (1978) Different gradations of clean sand 51.7 (2.17−e)2
1+e 0.38

Kokusho (1980) Toyoura sand 84 (2.17−e)2
1+e 0.50
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Table 2.2 continued from previous page

Reference Name of sand A (MPa) f(e) n

Yu & Richart (1984) Three types of clean sand 70 (2.17−e)2
1+e 0.50

Chung et al. (1984) Monterey No. 1 sand 52.3 1
0.3+0.7e2

0.48

Saxena & Reddy (1989) Monterey No. 1 sand 42.8 1
0.3+0.7e2

0.57

Bellotti et al. (1996) Quartz sand 72.4 e−1.3 0.45

Carbonate sand 70.8 e−1.3 0.62

Goudarzy et al. (2014) Glass beads − e−3.98 0.40

Based on the limited literature available on Emax, the influence of the isotropic confining

pressure was believed to have almost the same effect on the small-strain Young’s modulus

as on the small-strain shear modulus (Hardin & Richart 1963). Using a free-free RC device

capable of both torsional and compressional modes of excitations in order to measure the

small-strain shear and Young’s moduli of Ottawa sand specimens subjected to isotropic

confinement, the curves of unconstrained primary wave velocities were found to be parallel

to those of the shear wave velocities confirming the above hypothesis. Therefore, a similar

expression as Gmax was forwarded for Emax albeit a different set of fitting parameters C

and α (Lee 1993; Saxena & Reddy 1989; Menq 2003).

Emax = C f(e)
( p′

pa

)α
(2.25)

On their experiments on three sands (Toyoura, Fujian and Leighton Buzzard), Gu et al.

(2013) observed that the void ratio dependence was larger for G compared to the con-

strained modulus M . Also, the stress exponent (n) for G was found to increase with

increasing void ratio e, but a reverse trend was observed for M . Furthermore, the Pois-

son’s ratio decreased with decreasing e and increasing p
′
, and lay generally in the range

of 0.18-0.32. Empirical equations (Eq. 2.26) were further proposed to link ν with G and

M :

ν = 0.620 ·G−0.200 (2.26a)

ν = 0.846 ·M −0.216 (2.26b)
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Similar to the Gmax model, several void ratio functions were proposed in literature for

Emax; however, the most common ones are the Hardin & Black (1966) and Jamiolkowski

et al. (1991) models, the form of which was already shown previously.

ii) Effect of particle size and gradation

Some significant differences were encountered in the fitting parameters of the empirical

equations for various sands with different particle characteristics after considering the

influence of e and p
′
, which result from the effects of the so-called ‘minor’ factors such

as particle gradation, mineralogy and shape. Using results from different experiments in

Japan, Ishihara (1996) stated that for small-strain shear modulus of sands and gravels

at 100 kPa confining pressure, Cu and d50, along with grain shape play a significant role.

Furthermore, Gmax of gravels was reported to be higher than that of sands, which would

imply significant influence of the grain size.

The first concrete evidence to demonstrate the influence of Cu on small-strain stiffness

may be encountered in Iwasaki & Tatsuoka (1977). For a constant e and p
′
, Gmax and Emax

of sands were found to increase with decreasing Cu. Wichtmann & Triantafyllidis (2009)

performed 163 RC tests on a host of 25 quartz sands with varied particle size distributions.

Their results confirmed the observations of Iwasaki & Tatsuoka (1977) and later, aligned

with those of Giang et al. (2017), where for a constant void ratio Gmax was found to

significantly decrease with increasing Cu (see Fig. 2.14a). Other studies (Senetakis et al.

2012; Yang & Gu 2013; Payan et al. 2016) also reported similar observations.

From results of tests performed on Denver sand, Chang & Ko (1982) confirmed that

small-strain shear modulus of sand specimens is primarily a function of Cu with very

little influence of d50, contrary to the observations of Nakagawa et al. (1997), who found

that at a specific void ratio, the shear wave velocity vs increased slightly with increase in

d50, consequently signifying an increase in Gmax with increasing d50. On the other hand,

Chang & Ko (1982) reported that for gravelly soils, the influence of d50 was found to be

larger than that of Cu, an observation shared by Hardin & Kalinski (2005). Other studies

suggesting an increase in Gmax with increasing d50 are Lontou & Nikolopoulou (2004) and

Sharifipour et al. (2004).

Performing tests on several gradations of river sands, Menq (2003) and Menq & Stokoe

(2003) showed an almost constant magnitude of the small-strain shear modulus of sands

with increasing d50 for a certain e and p
′
. However, contrary to previous reports, higher G
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(a) 

 

(b) 

 

 

Figure 2.14: (a) Variation of shear modulus Gmax at e = 0.55 as a function of Cu for different

pressures (after Wichtmann & Triantafyllidis 2009); (b) comparing the negligible influence of

d50 for two different pressures and a similar Cu = 1.5 (after Wichtmann & Triantafyllidis 2009)

values were reported for larger values of Cu at similar relative densities. The influence of

mean grain size d50 on Gmax was concluded as negligible based on RC experiments (Cu <

1.8; 0.16 ≤ d50 ≤ 0.32 mm). Similar observations were also reported by Bartake & Singh

(2007), Patel et al. (2008), Wichtmann & Triantafyllidis (2009) (Fig. 2.14b), Senetakis

et al. (2012) and Yang & Gu (2013).

Enomoto (2016) conducted a series of drained triaxial compression tests to evaluate the

effects of grading and particle characteristics on the small-strain elastic stiffness of a wide

variety of granular materials. From the results, it was concluded that the quasi-elastic

modulus for the vertical loading direction was independent of maximum and mean particle

diameters. Also, a decrease in the values of elastic modulus was noted with an increase in

the uniformity coefficient. While previous researches (Saxena & Reddy 1989; Menq 2003;

Wichtmann & Triantafyllidis 2009; Wichtmann & Triantafyllidis 2010) have attempted to

correlate C and α in Eq. 2.25 primarily to the Cu and d50, the effects of particle angularity

and fines content were unclear. While a decrease in Gmax with increasing Cu is clear, the

influence of d50 remains unclear from the contrasting findings reported above.

iii) Effect of particle mineralogy and surface roughness

As already mentioned before, carbonate sands are highly angular in nature, however, they

undergo severe breakage at higher confinement pressures unlike siliceous sands. Therefore,

the small-strain dynamic properties of such sands are also a point of interest. There are
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very few studies which explore the small- and intermediate strain properties of such sands.

One study by Brandes (2011) using a cyclic triaxial device equipped with bender elements

demonstrated that the shear wave velocities in carbonate sands are higher than those in

quartz sands at comparable normal stresses, while shear modulus and damping were larger

for quartz sands at strain levels between 0.05 and 1%. The differences in the behavior

between the two types of sands were attributed to contrasts in grain geometry, hardness,

gradation and the amount of intraparticle voids.

In recent studies, He et al. (2017) and He et al. (2019) tested two carbonate sands from

Western Australia and the Philippines using piezoelectric elements to study the elastic

modulus, shear modulus and the Poisson’s ratio. He et al. (2017) also used flexural reso-

nant column tests to investigate the dynamic behavior of carbonate sands. The sensitivity

of carbonate sands to pressure was in general less pronounced than in case of quartz sands.

The flexural damping in the range of small to medium strains was higher for carbonate

sands in comparison to quartz sands. Although in the range of pressures tested the grain

breakage was small, it was found that the typical empirical equations to predict the stiff-

nesses of quartz sands were not able to capture the corresponding values for carbonate

sands. A new model which ignores the intra-particle voids in the calculation of global void

ratio was found to yield satisfactory results as against quartz sands.

One of the first experimental studies to investigate the influence of surface roughness on

the small-strain properties of granular materials can be found in Santamarina & Cascante

(1998) who employed high-tolerance steel spheres subjected to successive cleaning and

corrosion stages using a host of chemical agents to vary surface roughness via the formation

of rust. Cylindrical specimens of these materials were tested in a resonant column device.

The small-strain shear modulus and thus shear wave velocity were found least for the

material with the most roughened surface, while damping became stress-independent

with increasing roughness. In recent years, Otsubo et al. (2015) also found a reduction

in shear wave velocity for roughened spherical materials compared to smooth particles.

Furthermore, Otsubo & O’Sullivan (2018) tested cylindrical samples of four glass beads,

three of which were mechanically roughened by a milling procedure to obtain varying

degrees of roughness, in a triaxial cell equipped with piezoelectric elements (shear plates)

at the end caps. They obtained lower values of primary and shear wave velocities along

with a higher value of the stress exponent n for the roughened beads.
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iv) Effect of particle shape

Limited studies in the literature investigated the effect of particle shape. In fact, the fitting

parameters A (for Gmax), C (for Emax) and n were regarded as being of minor importance

and linked to the effect of particle gradation and shape (Iwasaki & Tatsuoka 1977; Menq

2003; Menq & Stokoe 2003; Hardin & Kalinski 2005; Wichtmann & Triantafyllidis 2009;

Senetakis et al. 2012). The effect of particle shape was considered by Hardin & Richart

(1963) through using different values of the fitting parameters of their empirical equation

(e.g. 2.17 and 2.97 for round and angular sands, see Eq. 2.22), although a detailed study

with a host of particle shapes was not performed.

Some of the studies focussing on particle shape were done by Lo Presti et al. (1997) and

Bui (2009), who conducted RC tests on sands with variable particle shapes subjected to

different isotropic confining pressures up to 600 kPa. It was observed that at the same e

and p
′
, the rounded materials generally had a higher stiffness than angular materials, and n

was found to be higher for angular particles than for rounded ones (Bui 2009). In a separate

study using an odometric cell equipped with bender elements, Cho et al. (2006) attempted

to quantify the strong influence of the particle shape on A, C and n. The significance of

particle shape on the small-strain damping ratio of sands in shear was further highlighted

by Senetakis et al. (2012) who observed a more pronounced decrease in the damping

ratio for angular to sub-angular particles (quarry quartz sands) as against sub-rounded or

rounded natural sands. Furthermore, they suggested Gmax models in these two categories

depending on the general shape of the sand particles: quarry quartz (angular / sub-

angular) or natural quartz (sub-rounded / rounded) sands. Recently, Payan et al. (2016)

performed a comprehensive study through a set of torsional resonant column tests on

sands with a variety of grain shapes under confining pressures ranging from 50 kPa to 800

kPa. In their study, the maximum value of strain for Gmax was 10−3%. To predict Gmax,

a new model, which incorporates the effect of Cu and particle shape in terms of regularity

(ρ) was proposed (Eq. 2.27).

Gmax = (84C −0.14
u ρ 0.68)× e−1.29 ×

(
p
′

pa

)(C 0.12
u ) (−0.23ρ+0.59)

(2.27)

For otherwise similar boundary conditions (same Cu, p
′

and e), sands with round grains

(having a higher ρ) show larger Gmax and consequently, vs. The influence of particle

characteristics on Emax was also presented, and captured through the expression Eq.

2.28. Also, since very few studies have dealt with the influence of particle shape and size
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on Poisson’s ratio (ν), Payan (2017) extended their study in this direction as well through

Eq. 2.29. The predictions from their models against ρ following Eqs. 2.27, 2.28 and 2.29

for a void ratio e = 0.6 and p′ = 100 kPa are shown in Fig. 2.15.

Emax = 245 (C −0.09
u ρ 0.82)× e−1.32 ×

(
p
′

pa

)(C 0.11
u ) (−0.44ρ+0.66)

(2.28)

ν = 0.47 (C 0.19
u ρ 0.56)×

(
p
′

pa

)(0.1C 0.1
u ) (3.14−9.15ρ)

(2.29)
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Figure 2.15: Predicted Gmax, Emax and ν profiles against ρ considering e = 0.6 and p′ = 100

kPa following the model of Payan (2017)

Giang et al. (2017) investigated the small-strain shear modulus (Gmax) for calcareous

sands against typical silica sand (Mol sand), where Gmax values from angular calcareous

sands were found to be higher than those of the naturally sub-rounded silica sand, starkly

contrasting the observations of Lo Presti et al. (1997) and Bui (2009). One reason for

this observation could be using sands constituted of a different mineral composition.

Adopting a similar approach, Liu & Yang (2018) encountered a similar experience, where

under similar boundary conditions, angular sands exhibited higher values of shear wave

velocities at similar void ratios than those with rounded grains contradicting the findings

of Payan et al. (2016).

2.3.3.2 Intermediate-strain range (10−5 ≤ γ ≤ 10−3)

For the intermediate strain regime, Hardin & Drnevich (1972a) developed a well-known

empirical relationship to predict the shear modulus degradation (G/Gmax) with respect

to the shear strain:
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G

Gmax

=
1

1 + γ
γr

(2.30)

where γ refers to the shear strain and γr denotes the reference shear strain, which is the

shear strain at G/Gmax = 0.50. A disadvantage of this formulation as argued by Zhang

et al. (2005) is the poor fit to experimental data since only one curve fitting parameter in

the form of γr is employed. Therefore, hyperbolic models employing two fitting parameters

(γr and α) were suggested in Stokoe et al. (1999):

G

Gmax

=
1

1 + ( γ
γr

)α
(2.31)

Empirical relationships have been also developed to characterize damping ratio with re-

spect to shear strain. Hardin & Drnevich (1972b) proposed Eq. 2.32 to estimate damping

ratio based on the maximum damping ratio Dmax, assumed to be 33% for sands.

D(γ)

Dmax

=

γ
γr

1 + γ
γr

(2.32)

Another method to calculate damping ratio may be found in Uchida et al. (1980) which

describes D(γ) as a function of G(γ)/Gmax. Through compiling various data, Zhang et al.

(2005) formulated Eq. 2.33 with constants C1 and C2:

D(γ)−Dmin = C1

[G(γ)

Gmax

]2

− C2

[G(γ)

Gmax

]
+ (C2 − C1) (2.33)

In recent years, Goudarzy et al. (2018) proposed Eq. 2.34 for the damping ratio of granular

soils, which describes D as a function of γr and Dmin with fitting parameters M and N :

D(γ)

Dmin

= M
( γ

γr

1 + γ
γr

)N
+ 1 (2.34)

Wichtmann & Triantafyllidis (2013) stated that the modulus degradation was not affected

by the d50, while for a certain shear strain amplitude, the G/Gmax significantly decreased

with increasing Cu. Also, damping was found to be almost independent of the grain size

parameters. However, all the tests were performed with sub-angular sands, and therefore,

the influence of grain shape was not explicitly investigated. Thus till date, there are

practically no studies which deal with the influence of grain shape on the shear / elastic

modulus degradation of sands under varying shear/axial strains, and therefore, further

investigations are needed.
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2.4 Summarizing and highlighting existing research gaps

The previous sections have demonstrated that particle morphology significantly affects the

material behavior under monotonic, cyclic and dynamic loading, which is of significant

practical relevance in the context of geotechnical earthquake engineering and particularly

liquefaction risk estimation. Based on the review of the existing studies, the shortcomings

and open questions are summarized below:

1. Quite different grain shape descriptors have been proposed in the literature. Some

of them are suitable for describing grain shapes in the macro scale (e.g. sphericity),

some in the medium scale (e.g. roundness) whereas certain descriptors characterize

the micro scale surface properties (e.g. roughness). Some studies used one or more of

these morphological parameters to investigate the effects of grain shape on certain

intrinsic, static and dynamic properties of granular materials, although a lot of

uncertainties regarding some of these tendencies remain because several studies came

to contradicting results, due to which the influence of particle morphology has always

remained a focal point for ongoing investigations.

2. Knowing the maximum and minimum void ratios or densities is necessary to judge

the density state of a granular soil in situ. It is well acknowledged that grain shape

strongly influences these limit void ratios. However, no established empirical equa-

tions to estimate emin and emax considering grain shape have been established so

far, which could be used for estimates of the limit values if laboratory data is not

available. Furthermore, the combined influence of grain size, gradation and shape is

not sufficiently studied.

3. Although well acknowledged, studies highlighting the impact of grain shape on the

drained and undrained monotonic response of granular materials are rare, and are

often focused on the peak and steady state friction angles. The variation of the

steady / critical state parameters with grain shape has not been studied thoroughly,

leading to uncertain input parameters in estimating constitutive model parameters

for numerical simulations.

4. From several studies with undrained cyclic tests, higher liquefaction resistance is re-

ported for increasing d50 and Cu, while only a few studies reported an opposite trend.

Some studies have also suggested that the influence of gradation on the liquefac-

tion resistance depends on relative density. The apparent ambiguity in observations

however has not been investigated considering the contribution of the grain shape.
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In other words, there are no studies which demonstrate the combined influence of

particle gradation and shape on the liquefaction susceptibility of granular soils.

5. While the literature is quite consistent regarding the influence of the uniformity

coefficient Cu on the small-strain shear modulus Gmax of granular soils, the influ-

ence of the mean grain size d50 remains debatable, with experimental evidences

supporting both the increase or decrease of Gmax with increasing d50. Furthermore,

experimental investigations on the influence of grain shape, size and gradation on

the intermediate strain properties of granular soils, i.e. damping and modulus degra-

dation and increase of damping with increasing strain amplitude are extremely rare

and thus the effect is not well-understood.

The aim of the present research is to systematically deal with each of the above mentioned

shortcomings or gaps to improve the current state-of-the-art understanding of the role

of grain morphology, size and gradation with respect to the static, cyclic and dynamic

behavior of granular soils.



3 Characterizing particle morphology

and its effect on index properties of

granular materials

3.1 Introduction

The main purpose of this chapter is to introduce the various methods for obtaining grain

images, for converting raw images to machine-readable format as well as evaluating the

particle shape of granular materials applied in this research.

3.2 Different particle morphology descriptors

While roundness (R) and sphericity (S) are the most widely used shape descriptors, there

are other descriptors as well, e.g. aspect ratio, circularity and so on (Cox & Budhu 2008).

In the present research, overall 16 different morphology descriptors (in the medium and

macroscale) were employed which are listed below:

(1) Roundness (R): This denotes the ratio of the average value of the radii (ri) of all

corners (N in number) to the radius of the maximum inscribed circle rins (refer to Eq.

2.12 and Fig. 3.1a).

(2) Area sphericity (SA): This denotes the ratio of the area of the grain As to the

area of the minimum circumscribing circle Acir (Fig. 3.1b).

(3) Diameter sphericity (SD): Diameter sphericity (Fig. 3.1c) is calculated as the

ratio of the diameter of a circle having the same projected area as the particle (Dc) to

the diameter of the minimum circumscribing circle (Dcir).

53
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(4) Circle ratio sphericity (Sc): Being by far the most popular definition of spheric-

ity, it denotes the ratio of the diameter of the maximum inscribed circle Dins to the

diameter of the maximum circumscribed circle Dcir as evident in Fig. 3.1d.

(5) Perimeter sphericity (SP ): The ratio of the perimeter of a circle having the same

projected area as the particle Pc to the perimeter of the particle Ps (refer Fig. 3.1e).

(6) Width-to-length ratio sphericity (Swl): The ratio of the Feret breadth B to

the length L is termed as the width-to-length ratio sphericity, also shown in Fig. 3.1f.

(7) Regularity factor (ρ): Used in Chapters 3 and 4 of this study, ρ denotes the

average of R and Sc.

(8) Aspect ratio (Ar): Ar denotes the ratio of L to B, thereby being the comple-

mentary value of Swl.

(9) Circularity (Cir): As shown in Fig. 3.1g, Cir denotes the ratio of the area of the

grain AS to the area of a circle with the same perimeter as the grain (Acir,P ).

(10) Compactness (Comp): The ratio of the diameter of a circle having the same

area as the grain (Dcir,a) to the Feret maximum length L is the compactness, denoted as

Comp (see Fig. 3.1h).

(11) Solidity (So): The ratio of the grain projected area As to the area of the convex

hull ACH is termed solidity So, as schematically shown in Fig. 3.1i.

(12) Concavity (Cv): The difference between the area of the convex hull ACH and

the projected area of the grain As gives the value of the concavity Cv.

(13) Convexity (Cx): The ratio of the perimeter of the convex hull PCH to the

perimeter of the grain Ps is the convexity Cx (refer to Fig. 3.1i).

(14) Mod-Ratio (MR): The diameter of the maximum inscribed circle Dins = 2rins

to the Feret length L (see Fig. 3.1j) denotes the MR.



3.2 Different particle morphology descriptors 55

 

(a) 

 

(b) 

 

(c) 

 
(d) 

 

(e) 

 

(f) 

 
(g) 

 

(i) 

 
(h) 

 

 
(j) 

 

(k) 

 
(l) 

 
 

Figure 3.1: Schematic representations of the various grain shape descriptors used in this study
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(15) R-Factor (RF ): The ratio of the perimeter of the convex hull PCH to the Feret

diameter L times π represents the RF of the grains. It can be seen pictorially in Fig. 3.1l.

(16) Rectangularity (Rect): The ratio of the area of the grain As and the theoretical

rectangle created by the Feret lengths L and B gives the Rect (refer Fig. 3.1k).

Out of these 16 shape parameters, the meso/medium scale parameters which denote a

measurement incorporating the various indentations and corners of the grain are the

roundness, solidity, concavity and convexity. The other 12 parameters denote the grain

shape in the macro scale.

3.3 Obtaining individual grain images

Depending on their genesis and transportation history, granular materials generally have

different grain shapes. For the analysis of grain shape sharp high quality images of the

grains are needed. In the upcoming sub-sections, two methods to obtain these images that

were used in the course of the present study are explained along with a discussion of their

advantages and disadvantages.

3.3.1 Microscope

High-quality images of grains were taken using a microscope (Leica S6D - available at the

Faculty of Mechanical Engineering, Ruhr-Universität Bochum, see Fig. 3.2). The maxi-

mum possible magnification is 80. Therefore, sharp images were possible only for grain

sizes devoid of fines, i.e. sizes smaller than 0.063 mm. To ensure that the images are ob-

tained with sufficient brightness, an in-built light was provided as can be seen from Fig.

3.2a. Backgrounds of white and black color could be used. The choice depends on the

color of the sand: if the sand grains were of a darker shade, a white background would be

more suitable, while for grains having a lighter shade, a black background could be used.

3.3.2 Scanner

The scanner used in the present research was the CanoScan 9000F (Fig. 3.3). The maxi-

mum resolution of the images possible with the scanner was 4800 dpi although the level of

magnification was not as large as in case of the microscope. A blue filter was selected as the

background to enhance the quality of images, and ease the image processing and further
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(a) 

 

(b) 

 
 

Figure 3.2: The microscope used for taking grain images: (a) front view, (b) the PC connected

to the microscope for visualization and processing

analysis. Based on experience, adopting the blue background eliminates the possibility of

reflection during the scanning process.

(a) 

 

(b) 

 
 

Figure 3.3: The scanner used for taking grain images: (a) front view, (b) the PC connected to

the scanner for visualization and processing
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3.3.3 Comparison between the images obtained via microscope and

scanner

There are both advantages as well as disadvantages of procuring images via these two

methods. In case of the microscope, the biggest advantage is that images of individual

grains can be taken at a larger magnification of up to 80 times. Thus, the quality of images

is comparatively better than that of images obtained via the scanner. However, since the

focus is only on a very small area containing very few grains, a large number of photos

are required to obtain a sufficiently large number of grain images for a reliable shape

estimation using image analysis. Therefore, obtaining grain images with a microscope is

time consuming. Furthermore, adjusting the background light can be problematic since

a wrong choice of background and wrong alignment of the light could lead to shadows

which interferes in the image analysis procedures.

In case of the scanner, the biggest advantage is that problems with the background light

are totally eliminated, while at the same time, a significantly larger number of grains

are captured within a very short time. The most important disadvantage arises from the

limited magnification: for fine grained soils, the grain shapes determined with the scanner

are not very reliable due to the lower magnification.

3.4 Determination of particle morphology utilizing image

analysis procedures

3.4.1 Image processing using ImageJ

The image analysis was done using ImageJ, which is a public domain Java image pro-

cessing and analysis program inspired by NIH Image for the Macintosh. It runs either

as an online applet or as a downloadable application on any computer which supports

Java. Downloadable distributions are available for Windows, Mac OS X and Linux. It can

display, edit, analyze, process, save and print 8-bit, 16-bit and 32-bit images. Also, the

software can read image formats such as JPG, TIFF and PNG. Further details about the

software may be found in Ferreira & Rasband (2012).

In the current application, the images for the materials were obtained in JPG format.

ImageJ has a host of various useful functions, some of which are contrast manipulation,

sharpening, smoothening, edge detection and median filtering (Kumara et al. 2012). The



3.4 Determination of particle morphology utilizing image analysis procedures 59

Raw image from 

microscope / scanner

Convert to 

binary

Image processing mechanisms

(e.g. Erode, Dilate, Fill Holes, 

Median, etc.)

Ready for 
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Figure 3.4: Flowchart describing the process of image processing

first step is to convert the raw image obtained to a binary form through the command

‘Make Binary ’, where the background is represented as white and the individual grains

are denoted as black. It is imperative to convert the images into binary form so as to

facilitate the application of other necessary functions needed for obtaining higher clarity

of grain images - ‘Erode’, ‘Dilate’, ‘Open’, ‘Close’, ‘Median’ and ‘Fill holes ’. ‘Erode’

removes additional pixels from the edge of black objects whereas Dilate adds pixels to the

edges of black objects in order to obtain a smooth boundary. The function ‘Open’ and

‘Close’ are mutually complimentary to each other: ‘Open’ performs an erosion operation

followed by dilation whereas ’Close’ does the reverse. Since the microscopic raw images

obtained may have some light reflections, certain spots may not be converted to black

even after binarizing. This is in particular profound in most black objects. Therefore,

these spots are represented as white pixels in the binary image. Hence to fill holes, ‘Fill

Holes ’ is used to eliminate these white spots. The image processing process may be best

decribed using the flowchart shown in Fig. 3.4.

To demonstrate the procedure by an example, a raw image of a few crushed glass particles

taken with the microscope is used. The procedure is illustrated in Fig. 3.5. The first step

is to adjust the brightness and contrast to show the grains with a different color than the

background. This allows a clear distinction between them, which would enable the software

to identify grain corners. After this operation is successfully accomplished, the image is

converted to the binary format using the command ‘Make Binary ’. The final procedure is

to remove the various noises using the command ‘Median’ which reduces noise by replacing

each pixel with the median of the neighboring pixel values. The resulting image can be

used for grain shape quantification using either ImageJ or MATLAB.

3.4.2 Image analysis using ImageJ and MATLAB approaches

To minimize human effort and errors during the determination of grain shape, various

programs are available to process and analyze grain images captured using scanner or

microscope. One such popular software, ImageJ (Rasband 2004), is widely used in grain

shape analysis (Cox & Budhu 2008; Igathinathane et al. 2008; Fonseca et al. 2012; Ro-

driguez et al. 2012; Kumara et al. 2012; Wichtmann et al. 2019a). Two different methods
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Figure 3.5: Conversion of raw image obtained from microscope to the binary image used for

shape quantification

to process the images were used - the first one uses a built-in plugin of ImageJ, named

Particles8 (henceforth referred to as ImageJ approach), while the second method applies

the approach formulated by Zheng & Hryciw (2015) in MATLAB (referred to as MATLAB

approach), which will be also further used in the upcoming chapters in this thesis. Raw

images were taken using the microscope/scanner, and were converted to binary machine-

readable format, after which the grain shape parameters were obtained using the two

approaches (Particles8 and MATLAB).

Brief working principle of ImageJ

The plugin Particles8 available in ImageJ is able to analyze various binary shapes. The

perimeter and area are measured from the centers of the boundary pixels of a particle, i.e.

the length of the 8-neighbours chain code, called the Freeman algorithm (Freeman 1961).

The program initially detects the first pixel of a particle by moving horizontally through

the lines of the binary image. The determination of the area and the perimeter is done by

starting from this pixel counterclockwise by scanning the adjacent eight pixels for other

pixels belonging to the contour. Thus the algorithm circulates the entire particles until

the contour is mapped with a closed chain of pixels. However, the plugin assumes square

pixels with the aspect ratio of the capturing device set to 1:1.
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Working principle of MATLAB

For the approach using MATLAB, the area and perimeter of the grains can be easily

determined using the image−processing package from MathWorks (MathWorks 2014).

To compute the minimum circumscribing circle, the maximum inscribed circle, and the

particle length and width, the outline of a particle is discretized. The minimum number

of outer points that will bound all of the others is determined, and the points, which

are farthest from each other, define the diameter of a trial circle. If a point is found to

be outside this circle, the new trial circle is redrawn using the third point additionally,

thereby yielding the minimum circumscribing circle. The maximum inscribed circle is

determined using an Euclidean map, further details of which may be found in Zheng &

Hryciw (2015). To calculate the length and width, trial rectangular boxes circumscribing

the outer points of the particle are conceptualized, and the box displaying the largest

single dimension defines both the length and width of the particle. For further details, the

reader is advised to consult Zheng & Hryciw (2015).

3.4.3 Validation of the results obtained from the two approaches

Krumbein & Sloss (1963) proposed a classical chart (see Fig. 2.7) with intervals of 0.2

incorporating both particle sphericity and roundness, and which has been frequently used

in literature to determine particle shape. Although the exact procedure for the preparation

of this chart was not discussed in the original publication, the sphericity was reported to

be related to the proportion between length and breadth of the projected sections while

roundness was based on the curvatures formed by the outlines. Cavarretta (2009) inferred

that their definition might have been based on the circle-ratio sphericity. Therefore, this

definition of sphericity was used as a basis of comparison between the results from ImageJ

and MATLAB. To validate the results of the roundness and the sphericity obtained from

the two approaches, four extreme shapes at the four corners were selected from the chart

(shown in Fig. 3.6).

Table 3.1 lists the roundness and the circle-ratio sphericity obtained from the two im-

age analysis methods. In general, a good agreement is evident between the circle-ratio

sphericity values obtained from ImageJ and MATLAB although the sphericity from the

MATLAB approach shows slightly larger values. For practical purposes, these differences

may be neglected. However, significant differences are noticed for roundness, where for

grains A, C and D, the roundness obtained from ImageJ is significantly larger than that

obtained from MATLAB. This is because the roundness obtained from ImageJ is defined
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Figure 3.6: Extreme four shapes selected from the classical Krumbein & Sloss (1963) chart for

the purpose of validation of the grain shapes using MATLAB and ImageJ approaches

as the ratio of the area of the grain to the area of the circle having the major Feret di-

mension L as the diameter, which is not similar to the classical definition listed previously

and calculated in MATLAB (Rodriguez et al. 2012). Therefore, for determination of the

roundness, the results from ImageJ were not further used.

Table 3.1: Comparison between the roundness and sphericity values obtained by ImageJ plugin

Particles8 and the MATLAB script modified after Zheng & Hryciw (2015)

Grain
ImageJ Particles8 MATLAB (Zheng & Hryciw 2015)

Roundness Sphericity Roundness Sphericity

A 0.78 0.72 0.17 0.80

B 0.77 0.74 0.90 0.78

C 0.46 0.32 0.87 0.42

D 0.36 0.32 0.16 0.41

3.4.4 Pros and cons of the two approaches for grain morphology

characterization

The main advantages of Particles8 over MATLAB approach is that from a single binary

figure, a larger number of grain shape descriptors can be obtained simultaneously in

addition to other features such as the individual grain area, perimeter (in terms of the
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number of pixels) as well as coordinates denoting the location of the particular grain.

Since it is a built-in plugin available for free usage in ImageJ, no third party software

is needed. However, there are a couple of disadvantages: the calculation of roundness in

Particles8 is different since it is defined as the ratio of the area of the grain to the area

of the circle having the major Feret dimension L as the diameter, which is not similar to

the classical definition described previously in Eq. 2.12 which denotes grain shape in the

meso-scale. In addition, some shape parameters such as particle regularity are missing,

and cannot be calculated.

For the approach using MATLAB, more reliable results relating to grain roundness and the

different forms of sphericity are evident in the previous subsection. However, a drawback

is that a longer time is needed to obtain the 6 shape descriptors that are evaluated by

the MATLAB script. Furthermore, since in the calculation of roundness, circles are fitted

into the various grain corners, images of sufficient quality are needed to avoid pixellation

effects which would result in inconsistent and erroneous values of roundness. The same is

true for other shape descriptors as well.

3.5 Effect of particle characteristics on the index void

ratios

The void ratio is an important state parameter with respect to the mechanical and hy-

dromechanical properties of soils. The difference between the actual void ratio and the

stress-dependent critical void ratio has a strong influence on the deformation and strength

characteristics of granular soils. The void ratio is typically bounded by two extremities,

denoted as emax and emin. Producing samples with specific densities helps in making in-

telligent approximations of many material and state-dependent parameters (Shen et al.

2019). This section describes the basic laboratory experiments that are needed to deter-

mine various intrinsic soil parameters such as the index void ratios, the specific gravity

and the grain size distribution.

3.5.1 Test materials

For the experiments, two classes of materials were chosen - glass beads and natural sands.

Round glass beads of various sizes were obtained from the company Mühlmeier GmbH,

Germany. Six different glass beads having a wide range of grain sizes from 0.125 mm till
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6.5 mm were considered. An attempt was made to also incorporate a large range of the

uniformity coefficient (Cu) in the study through mixing of glass beads of various sizes.

However, it was observed that during funnel deposition for determination of emax following

DIN-18126 (1996) procedure segregation took place, i.e. the smaller glass particles settled

faster leaving behind the larger ones thus giving rise to separate layers of glass beads

having different sizes. This would cause erroneous results during the determination of the

maximum void ratio. Therefore, a relatively small range of Cu representing poorly graded

mixtures has been finally used for the study. A study on the void ratios for glass beads

incorporating a wide range of Cu values is extremely difficult and remains an open task to

be investigated in future. The glass beads are spherical in nature having roundness and

sphericity values of about 0.9 respectively, consequently issuing a regularity of 0.9. The

value of the specific gravity following standard DIN-18124 (2011) was determined to be

2.54. The various properties of the beads are summed up in Table 3.2.

The natural sands originated from various parts of the world; however, they were readily

available in the Laboratory of Soil Mechanics, Foundation Engineering and Environmental

Geotechnics (BGU) at the Ruhr-Universität Bochum. The various index quantities of these

sands are summarized in Table 3.3. The grain size distribution curves of the various glass

beads and sands as determined using DIN-18123 (2011) are shown in Figs. 3.7 and 3.8.

Table 3.2: Physical properties of the various glass beads considered for the experimental program

Material Size range Cu d50[mm] R S ρ emax emin Gs

Glass beads-1 0.125-0.2 1.21 0.17 0.9 0.9 0.9 0.69 0.52

Glass beads-2 0.25-0.5 1.43 0.38 0.9 0.9 0.9 0.73 0.56

Glass beads-3 0.4-0.6 1.24 0.50 0.9 0.9 0.9 0.72 0.56 2.54

Glass beads-4 0.5-0.71 1.19 0.61 0.9 0.9 0.9 0.70 0.55

Glass beads-5 1.25-1.55 1.10 1.40 0.9 0.9 0.9 0.64 0.60

Glass beads-6 4.5-6.5 1.21 5.50 0.9 0.9 0.9 0.64 0.60

3.5.2 Analysis of results

i) Effect of particle characteristics on index void ratios for glass beads

As all the shape parameters were similar for round glass beads, the relation between the

void ratios and mean grain size d50 was examined based on the data for the glass beads. A

wide range of mean grain sizes was included in the study including those from literature
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Table 3.3: Physical properties of the natural sands considered for the experimental program

Name of sand Cu d50[mm] R S ρ emax emin Gs

Rhein sand small 2 0.25 0.44 0.77 0.61 0.924 0.539 2.65

Hostun sand 2 0.25 0.40 0.75 0.58 1.012 0.621 2.65

Siligram sand 2 0.25 0.49 0.78 0.64 0.827 0.509 2.64

Silber+Black sand 2 0.25 0.45 0.77 0.61 0.940 0.549 2.67

Greywacke 2 0.25 0.31 0.77 0.54 1.167 0.592 2.82

Sackware 1-2 mm 1.33 1.5 0.48 0.78 0.63 0.870 0.616 2.64

Sackware 0.2-1 mm 2.03 0.53 0.54 0.78 0.66 0.872 0.526 2.64

Sackware 0.1-0.5 mm 1.68 0.3 0.58 0.8 0.69 0.935 0.557 2.64

Sackware (Sand 0.5-1 mm) 1.54 0.74 0.55 0.75 0.65 0.874 0.575 2.64

Cardiff sand 1.38 0.17 0.56 0.75 0.66 0.832 0.483 2.64

Silbersand 4442 1.78 0.22 0.45 0.77 0.61 0.892 0.548 2.64

Black sand 6.1 0.85 0.45 0.76 0.61 0.679 0.401 2.71

Norm sand 1.62 0.19 0.51 0.79 0.65 0.877 0.517 2.63

Sackware fS S90 1.5 0.17 0.52 0.77 0.65 1.035 0.620 2.65

Mix sand (sand 1) 3.3 0.4 0.45 0.79 0.62 0.830 0.470 2.64

Mix sand (sand 2) 4.5 0.75 0.52 0.8 0.66 0.780 0.430 2.64

Mix sand (sand 3) 3.7 0.5 0.54 0.74 0.64 0.810 0.470 2.64
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Figure 3.7: Grain size distribution of the various glass beads considered for analysis

for a better validation and interpretation of the results. Fig. 3.9(a) shows emax and emin

against d50. Good correlation exists between the limit maximum void ratio and d50, which
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Figure 3.8: Grain size distribution of the seventeen sands considered for analysis

is in agreement with the decreasing emax with increasing d50 trend observed in Cubrinovski

and Ishihara (2002). In contrast, emin increases with d50. These two relationships and may

be described by the following equations:

emax = f(d50) = 0.69 d−0.029
50 (3.1)

emin = f(d50) = 0.5675 d0.038
50 (3.2)

A standard deviation (SD) of 0.02 and 0.008 for emax and emin were observed. Following

a similar procedure, the relation between uniformity coefficient Cu and the extreme void

ratios is plotted in Fig. 3.9(b); however, no definite relation was found between these two

parameters owing to the small range of studied Cu values and some scatter in the results.

Contrary to expectations, emax and emin converged for larger grain sizes. The surface of

the glass particles is smooth, which facilitates rolling of particles. With a constant mold

volume, the total number of particles that fits into the mold decreases with increasing d50.

Apparently, there seems to be less compaction in the emin test in case of the larger glass

beads, probably due to lower degrees of freedom for the glass beads to reorient themselves

and form denser packings, thus explaining the convergence of the values of emax and emin

for larger grain sizes.
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Figure 3.9: Plots showing the variation of the maximum and minimum void ratios for glass with

(a) the mean grain size d50 and (b) the uniformity coefficient Cu

Table 3.4: Index properties for various glass materials (both angular and round) as obtained

from literature

Source Soil Gs d50[mm] ρ emax emin

Cho et al. (2006) Glass beads − 0.32 1 0.72 0.54

Bui (2009) Glass round 2.5 0.89 0.95 0.69 0.53

Glass nugget 2.5 1.3 0.45 1.24 0.74

Glass glitter 2.5 1.59 0.42 1.36 0.73

Zheng & Hryciw (2016) Glass beads 2.55 0.32 1 0.72 0.54

Small glass beads 2.55 0.70 1 0.75 0.50

Large glass beads 2.55 0.97 1 0.74 0.50
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Figure 3.10: Plots showing the variation of the extreme void ratios normalized with respect to

the mean grain size with regularity (ρ)

Next, the influence of grain shape is analyzed. The own data set analyzed so far contains

only round glass beads. The data for very angular particles, like crushed glass, are rare in

the literature. However, existing experimental data from a couple of past studies was used

in the present analysis, details of which can be found in Table 3.4. The void ratios were

initially normalized with respect to the mean grain size using Eqs. 3.1 and 3.2 and then

analyzed with respect to the regularity, which was obtained directly from the respective

literatures or determined following the approach of Zheng & Hryciw (2015) similar to

the case of sands. A reduction of the normalized limit void ratios with increasing ρ was

encountered as evident from Fig. 3.10, with a faster decrement for emax, although at

ρ = 1, they seem to almost converge. The following linear equations are able to capture

the above-said variation while a strong correlation (R2 = 0.92 and 0.94 / SD = 0.006

and 0.005 for emax and emin respectively) between the normalized void ratios and the

regularity is obtained.

emax
f(d50)

= f(ρ) = 2.6− 1.65 ρ (3.3)

emin
f(d50)

= f(ρ) = 1.54− 0.62 ρ (3.4)
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Figure 3.11: Comparison between the measured and predicted (a) maximum void ratio, and

(b) minimum void ratio for all the data for glass materials obtained from the current study and

literature using the suggested mathematical model in Eqs. 3.5 and 3.6

Therefore, combining both the effects of d50 and ρ, the overall mathematical expression

may be summed up as follows:

emax = f(d50)f(ρ) = (1.794− 1.139 ρ)× d−0.029
50 (3.5)

emin = f(d50)f(ρ) = (0.874− 0.352 ρ)× d0.038
50 (3.6)

Furthermore, a comparison between the measured and predicted maximum and minimum

void ratios for all the data obtained from own experiments and literature using the sug-

gested mathematical model for glass materials was carried out as shown in Figure 3.11.

As evident, a good estimation of the experimental void ratios is obtained with the model

performing relatively better for predicting the minimum void ratio compared to the max-

imum void ratio, yielding a mean absolute deviation (MAD) of 0.016 for emin as against

0.069 for emax.

ii) Effect of particle characteristics on index void ratios for sands

Initially five sands with the same d50 and Cu were taken to formulate a relationship

between the regularity and the limit void ratios. Fig. 3.12 shows the data, where emin

and emax decrease with increasing regularity. The relations have been expressed by two

exponential equations:
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emax = f(ρ) = 1.05 exp(0.45−0.9ρ) (3.7)

emin = f(ρ) = exp(0.009−ρ) (3.8)

 

Figure 3.12: Relation between the extreme void ratios and the regularity for sands having

similar Cu and d50 (red dashed and blue dotted lines represent an error boundary of 20%)

A decent correlation between the regularity and the limit void ratios was achieved using

an exponential function, having SDs of 0.094 and 0.03 respectively. It is worthy to mention

that the red dashed and blue dotted lines in Fig. 3.12 denote error limits of 20%.

With Eqs. 3.7 and 3.8, the limit void ratios were normalized to remove the effects of ρ and

a possible correlation between the normalized void ratios and Cu and d50 was analyzed

based on the own experimental data as shown in Figs. 3.13 and 3.15 (in 3D), and Figs. 3.14

and 3.16 (in 2D with dashed line in Figs. 3.14b and 3.16b signifying the trend obtained

keeping Cu = 2). It was found that the normalized void ratio reduces with increasing Cu

(see Fig 3.14a for emax, Fig. 3.16a for emin) but no definite conclusion can be drawn with

respect to the influence of mean grain size as the scatter is considerable (see Fig. 3.14b for

emax, Fig. 3.16b for emin). This is contrary to the observations for glass beads where d50

was found to play a more dominant role with respect to emax and emin. This observation

for sands is supported in previous works as well (Youd 1973; Zheng & Hryciw 2016). The

observations can be described in the form of mathematical equations as given below:

emax
f(ρ)

= f(Cu) = 1.08C−0.172
u (3.9)
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emin
f(ρ)

= f(Cu) = 1.17C−0.241
u (3.10)

Note that in this analysis, a wide range of Cu ranging from 1.33 till 6.1 was considered.

A decent correlation was obtained for both void ratio limits (R2 = 0.6 for emax, R
2 =

0.78 for emin). Therefore, the complete relation capturing the dependence of the void ratio

limits on ρ and Cu for sand can be expressed through the following equations:

emax = f(ρ)f(Cu) = 1.13 exp(0.45−0.9ρ) C−0.172
u (3.11)

emin = f(ρ)f(Cu) = 1.17 exp(0.009−ρ) C−0.241
u (3.12)
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Figure 3.13: 3D plot showing the variation of the normalized maximum void ratio with unifor-

mity coefficient and the mean grain size for the various sands tested presently

The correlations between the void ratio limits, ρ and Cu developed based on the own

experimental data were validated with an extensive dataset of available results for var-

ious sands from the literature, which are summarized in Table 3.5. While the method

of determination of the limit void ratios are not explicitly documented in Sladen et al.

(1985), the studies of Cho et al. (2006), Zheng & Hryciw (2016), Sukumaran & Ashmawy

(2001), Cabalar et al. (2013), Thomann (1990) and Zelasko et al. (1975) followed the pro-

cedure outlined in ASTM-D4253 (2002) and ASTM-D4254 (2002). Bui (2009) used the

procedure employed by Cresswell et al. (1999) and Kolbuszewski (1948) for determining



72
3 Characterizing particle morphology and its effect on index properties of granular

materials

(a)

 

(b)

0 0.5 1 1.5
0

0.5

1

1.5

2

Figure 3.14: 2D plot showing the variation of the normalized maximum void ratio with respect

to (a) uniformity coefficient, and (b) mean grain size; solid or dashed black line denote the trend,

dotted red lines represent a 20% variation
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Figure 3.15: 3D plot showing the variation of the normalized minimum void ratio with unifor-

mity coefficient and the mean grain size for the various sands tested presently

the maximum and minimum densities respectively. The British Standard BS-1377 (1) was

employed by Rees (2010), while Yasin & Safiullah (2003) used the procedure applied in

Bowels (1986). Finally, Tsomokos & Georgiannou (2010) employed the methods of Kol-
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Figure 3.16: 2D plot showing the variation of the normalized minimum void ratio with respect

to (a) uniformity coefficient, and (b) mean grain size; solid or dashed black line denote the trend,

dotted red lines represent a 20% variation)

buszewski (1948), while the Japanese standard JGS-0161 (2015) was used by Moroto &

Ishii (1990).

Figs. 3.17 and 3.19 show the 3D representations of the maximum and minimum void

ratios plotted versus the regularity and the uniformity coefficient for the various sands.

2D representations of the same data are shown in Figs. 3.18 and 3.20 respectively. The

equation suggested by Cho et al. (2006) between the void ratios and regularity has also

been plotted simultaneously in Figures 3.18(a) and 3.20(a) along with dashed red lines for

an error of 20%. From Figs. 3.18(b) and 3.20(b), a considerable scatter can be noted in the

datasets for the samples having a relatively small value of Cu. There may be two reasons

for this observation: firstly, different testing methods as suggested by various standards

create different values of the extreme void ratios. Another factor may be the roughness of

the grain surface, which besides roundness and sphericity, is another particle characteristic

which may influence the packing density and the mechanical behavior, and which has not

been taken into consideration for the above analysis.
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Table 3.5: Data of various sands as obtained from literature: 1- Sladen et al. (1985), 2- Cho et al.

(2006), 3- Bui (2009), 4- Rees (2010), 5- Zheng & Hryciw (2016), 6- Sukumaran & Ashmawy

(2001), 7- Cabalar et al. (2013), 8- Zelasko et al. (1975), 9- Thomann (1990), 10- Moroto & Ishii

(1990), 11- Yasin & Safiullah (2003), 12- Tsomokos & Georgiannou (2010)

Source Soil d50[mm] Cu Gs ρ emax emin

1 Nerlerk 0.28 2 2.65 0.59 0.94 0.62

Leighton Buzzard 0.86 1.2 2.68 0.66 0.82 0.54

2 Fraser river sand 0.3 1.9 2.69 0.38 1.13 0.78

Ottawa #60#80 sand 0.21 2.4 2.65 0.72 0.85 0.55

Ottawa #90 sand 0.27 2.2 - 0.5 1.1 0.73

ASTM graded sand 0.35 1.7 2.65 0.85 0.82 0.5

Ponte Vedra sand 0.18 1.8 2.80 0.58 1.07 -

Nevada sand 0.15 1.8 2.67 0.73 0.85 0.57

Margaret river sand 0.49 1.9 - 0.7 0.87 -

Jekyll Island sand 0.17 1.7 - 0.58 1.04 -

Sandboil sand 0.36 2.4 2.62 0.63 0.79 0.51

5Z9 crushed sand 0.40 3.6 - 0.6 0.89 -

6H1 crushed sand 0.33 3.8 - 0.5 0.97 -

Granite powder 0.09 6.2 2.58 0.32 1.296 -

ASTM #20#30 sand 0.60 1.4 2.65 0.85 0.69 -

Ottawa F-110 sand 0.12 1.7 - 0.7 0.848 0.535

Syncrude tailings 0.18 2.5 2.58 0.55 1.14 0.59

Ticino sand 0.58 1.5 2.68 0.6 0.99 0.574

Blasting sand 0.71 1.9 2.65 0.43 1.025 0.698

Ottawa #20#30 sand 0.72 1.2 2.65 0.9 0.742 0.502

Daytona beach sand 0.23 1.4 2.64 0.66 1 0.64

Michigan dune sand 0.33 1.5 2.63 0.82 0.8 0.56

Ottawa #20#70 sand 0.21 2.4 2.65 0.79 0.78 0.47

Ottawa #45 sand 0.57 2.1 2.57 0.57 1.11 0.75

3 Leighton Buzzard B - 1.57 - 0.73 0.83 0.48

Leighton Buzzard E - 1.38 - 0.69 1.01 0.63

4 PSM1 0.208 2.2 2.66 0.7 0.927 0.642

PSM2 0.175 2.2 2.66 0.73 0.941 0.637

FBM1 0.168 2 2.65 0.67 0.907 0.628

5 Chesterton, Indiana dunes 0.26 1.3 2.68 0.7 0.87 0.57

Ottawa 20-30 0.71 1.4 2.65 0.79 0.74 0.49

Michigan 2NS 0.50 2.3 - 0.6 0.82 0.54

New Madrid, Missouri 0.32 2.2 - 0.65 0.81 0.52
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Table 3.5 continued from previous page

Source Soil d50 Cu Gs ρ emax emin

Michigan dunes 0.30 1.5 2.68 0.67 0.85 0.56

Oakland County, Michigan 0.31 1.6 2.63 0.69 0.86 0.53

Michigan 30A 0.58 7 2.84 0.42 0.92 0.55

Fused aluminum oxide 1.80 1.6 - 0.50 0.92 0.63

Scotts Valley, California 0.33 1.5 2.85 0.57 0.94 0.6

Upper Peninsula, Michigan 0.60 2.8 - 0.6 0.85 0.54

Rincon, New Mexico 0.36 3 2.61 0.69 0.8 0.51

Crushed gabbro 0.80 5.5 - 0.4 0.96 0.6

Capitola, California 0.35 1.6 2.60 0.6 0.89 0.57

Brady, Texas 0.61 1.4 2.63 0.72 0.84 0.57

Class IIA, Michigan 0.21 1.9 2.65 0.66 0.86 0.56

Griffin, Indiana 0.74 4.3 - 0.65 0.79 0.51

Chesterton, Indiana beach 0.64 2.9 2.65 0.65 0.85 0.54

Muskegon, Michigan 0.40 1.6 2.66 0.65 0.84 0.56

Nevada sand 0.16 1.3 2.65 0.67 0.88 0.58

Treasure Island, California 0.25 1.8 - 0.64 0.85 0.57

6 Daytona Beach sand 0.23 1.4 2.64 0.5 1 0.64

Fraser River sand 0.30 1.9 2.79 0.47 1.13 0.78

Ottawa #20/70 sand 0.53 2.4 - 0.57 0.78 0.47

Ottawa #45 sand 0.57 2.1 2.57 0.46 1.11 0.75

Ottawa #60/80 sand 0.21 2.4 2.65 0.72 0.85 0.55

Ottawa #90 sand 0.27 2.2 - 0.38 1.1 0.73

Syncrude Tailings 0.18 2.5 2.65 0.41 1.14 0.59

7 Narli 1 3.7 2.66 0.7 0.83 0.52

Crushed stone sand 1.40 2.5 2.68 0.53 0.93 0.62

Birecik 0.86 3.3 - 0.69 0.8 0.55

Trakya 0.72 6.3 - 0.5 0.7 0.49

8 Ottawa 20-30 0.72 1.2 2.65 0.76 0.78 0.46

Ottawa 35-45 0.42 1.2 - 0.75 0.82 0.58

Ottawa 50-70 0.25 1.2 - 0.71 0.89 0.53

Ottawa 70-100 0.18 1.2 - 0.7 0.92 0.54

Ottawa 100-140 0.12 1.2 - 0.7 0.92 0.54

Evanston Beach 20-30 0.72 1.2 - 0.58 0.92 0.55

Evanston Beach 35-45 0.42 1.2 - 0.58 0.9 0.52

Evanston Beach 50-70 0.25 1.2 - 0.57 0.92 0.54

Evanston Beach 70-100 0.18 1.2 - 0.57 0.93 0.52
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Table 3.5 continued from previous page

Source Soil d50 Cu Gs ρ emax emin

Franklin Falls 20-30 0.72 1.2 - 0.44 1.08 0.62

Franklin Falls 35-45 0.42 1.2 - 0.44 1.04 0.63

Franklin Falls 50-70 0.25 1.2 - 0.43 1.1 0.64

9 Ottawa 20-30 0.75 1.2 2.65 0.83 0.72 0.51

Ottawa 50-70 0.22 1.1 2.65 0.75 0.84 0.57

Ottawa 100-200 0.13 1.9 - 0.63 0.9 0.59

Douglas Lake sand 0.23 2.4 - 0.6 0.83 0.54

Ackerman Lake sand 0.34 2.5 - 0.7 0.72 0.48

Agsco 50-80 0.25 1.3 2.67 0.35 1.24 0.79

Daedalus sand 0.60 4.7 - 0.83 0.61 0.36

10 Gabbro - 1.6 - 0.51 0.9 0.65

Greywacke - 1.6 - 0.48 0.97 0.72

Onahama - 1.6 - 0.52 0.99 0.71

Dolelite - 1.6 - 0.58 0.96 0.69

River gravel - 1.6 - 0.57 0.84 0.55

Beach gravel - 1.6 - 0.66 0.74 0.53

11 Teesta sand 0.50 2.5 - 0.53 0.92 0.57

Meghna sand 0.23 1.9 - 0.47 0.97 0.66

Yamuna sand 0.13 1.9 2.69 0.39 1.14 0.72

12 Ham River sand 0.30 1.3 2.66 0.65 0.87 0.53

Fontainebleau sand 0.21 1.2 2.64 0.68 0.87 0.54

M31 sand 0.30 1.3 2.65 0.73 0.87 0.53

Longstone sand 0.15 1.3 2.64 0.48 1 0.61

Fig. 3.21 shows the void ratios predicted by Eqs. 3.11 and 3.12 versus the measured void

ratios for the sands tested in the own experimental study as well as the data collected

from literature. Statistical analysis including regression (R2), standard deviation (SD),

and mean average deviation (MAD) was performed on the data set to evaluate the model

performance. The MAD was determined as 0.067 for emax and 0.051 for emin. The current

work is compared with the results obtained by Koerner (1969) and Hryciw et al. (2016)

and documented in Hryciw et al. (2016). Koerner’s model delivers a MAD of 0.15 and

0.06 for emax and emin respectively. While the mathematical description by Eqs. 3.11 and

3.12 is definitely an improvement over this existing work, the same cannot be said for the

comparison with Hryciw et al. (2016) (ref. Eqs. 2.19 and 2.20) which uses roundness and

sphericity parameters, and which has a MAD of 0.034 for both emax and emin. The reason
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Figure 3.17: 3D plot showing the variation of the maximum void ratios with the regularity and

the uniformity coefficient for sands including data from literature

could be attributed to the unequal contribution of both the two shape parameters round-

ness and sphericity as was suggested in their model, while the current model considers

regularity as a single shape parameter, being the mean value of roundness and sphericity.

However, the primary advantage of the current model is that two shape parameters are

replaced by only one parameter without a significant loss of prediction quality.

In addition, another comparison was performed between the model of Nguyen et al.

(2020b) and the proposed model using only the own experimental results. Nguyen et al.

(2020b) proposed a model based on the grain roundness R and the sphericity S as below:

emax = 1.330− 0.12× S − 0.545×R (3.13)

emin = 0.877− 0.149× S − 0.308×R (3.14)

Their formulation yields a MAD of 0.105 and 0.084 for emax and emin respectively, while

0.057 and 0.025 are obtained from the proposed model. This larger discrepancy between

predicted and measured values can be majorly attributed to the fact that the model of

Nguyen et al. (2020b) considers only the grain shape but does not consider the grain size
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parameters (Cu or d50), which leads to a relatively larger scatter of data.

(a)

 

(b)

 

Figure 3.18: 2D plots showing the variation of the maximum void ratios with the (a) regularity

and (b) uniformity coefficient (black solid lines correspond to Eqs. 3.11 and 3.12, black dashed

line in (a) shows the equation suggested by Cho et al. 2006, dotted red lines represent a 20%

variation)

iii) Comparison between round glass beads and rounded sands

Round glass beads and naturally rounded sands were further considered to investigate the

effect of specific gravity on the extreme values of the void ratios. Data of a few naturally

rounded sands having a regularity of more than 0.80 were used for the analysis considering

the model developed based on the data for glass beads (see Table 3.6). To consider the

effect of specific gravity, a term called the specific gravity ratio, which is the ratio of

the specific gravity of the material (Gm) to that of the reference material which is glass

(Gg) (considered as 2.54 in the current study), was taken. After incorporating the above

mentioned term, the equations take the following form:

emax = f(D50)f(ρ)f(Gm) = (1.794− 1.139 ρ)× d−0.029
50 ×

{Gm

Gg

}−α
(3.15)

emin = f(D50)f(ρ)f(Gm) = (0.874− 0.352 ρ)× d0.038
50 ×

{Gm

Gg

}−α
(3.16)
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Figure 3.19: 3D plot showing the variation of the minimum void ratios with the regularity and

the uniformity coefficient for sands including data from literature

(a)

 

(b)

 

Figure 3.20: 2D plots showing the variation of the minimum void ratios with the (a) regularity

and (b) uniformity coefficient (black solid lines correspond to Eqs. 3.11 and 3.12, black dashed

line in (a) shows the equation suggested by Cho et al. 2006, dotted red lines represent a 20%

variation)
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(a)

 

(b)

 

Figure 3.21: Comparison between the measured and predicted (a) maximum and (b) minimum

void ratios for sands using all the data obtained from the current study and literature and

applying the suggested mathematical model (dashed lines represent error of 20%)
(a)

 

(b)

 

Figure 3.22: Comparison between the measured and predicted limit void ratios for both rounded

glass beads and naturally rounded sand (a) without, and (b) with considering the effect of specific

gravity (data taken from literature; dashed lines represent an error of 20%)

A value of α = 1.8 was found to be the best fit for the above operation. Figs. 3.22 (a and b)

show the measured versus the predicted void ratios for the above materials using only the

equations suggested for glass without (Fig. 3.22a) and with (Fig. 3.22b) considering the

specific gravity ratio respectively. The first model leads to a MAD of 0.094 and 0.037 for
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Table 3.6: Data for naturally rounded sand (data taken from literature) for comparison with

the model suggested for glass

Source Soil Gs d50[mm] ρ emax emin

Cho et al. (2006) ASTM graded sand 2.65 0.35 0.85 0.82 0.5

Ottawa #20#30 sand 2.65 0.72 0.9 0.74 0.502

ASTM 20-30 2.65 0.6 0.85 0.69 -

Michigan dune sand 2.68 0.33 0.82 0.8 0.56

Thomann (1990) Daedalus sand - 0.6 0.83 0.61 0.36

DeJong & Christoph (2009) ASTM 20-30 sand 2.65 0.74 0.9 0.74 0.51

Georgiannou & Konstadinou (2013) Ottawa sand 2.65 0.72 0.9 0.74 0.5

Baxter & Mitchell (2004) Density sand 2.64 0.5 0.85 0.72 0.48

emax and emin respectively, while after incorporating the specific gravity ratio, the value

of the same is reduced to 0.067 and 0.029 respectively, concluding that specific gravity

slightly interferes in the determination of void ratio although for practical purposes, this

may be considered minimal.

Using the specific gravity ratio factor introduced in the previous step, the analysis was

further extended to Eqs. 3.11 and 3.12 which were developed for sand. The optimum value

of α obtained through regression was 0.4 for sands. Therefore, incorporating the specific

gravity ratio, Eqs. 3.11 and 3.12 can be rewritten as:

emax
f(ρ)

= f(Cu) = 1.08C−0.172
u exp(0.45−0.9ρ)×

{Gm

Gg

}−0.4

(3.17)

emin
f(ρ)

= f(Cu) = 1.17C−0.241
u exp(0.009−ρ)×

{Gm

Gg

}−0.4

(3.18)

Figure 3.23 shows the measured versus the predicted void ratios considering the effect of

specific gravity for the complete dataset for sand (both documented in literature in Table

3.5 and current experiments). Without the effect of specific gravity, the MAD for emax

and emin was found to be 0.067 and 0.047 respectively. Using the specific gravity ratio,

the MAD values for emax and emin decrease to 0.065 and 0.044 respectively, thus slightly

increasing the accuracy of prediction. However, considering the minor influence, one may

ignore this additional term for the sake of simplicity. For further increase in accuracy,

additional studies should be conducted to assess the effect of surface friction on the emax

and emin values.
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Figure 3.23: Comparison between the measured and predicted void ratios for all the available

data for sands considering the effect of the specific gravity of the materials

3.6 Summary

In this chapter, an attempt was made to correlate the particle characteristics with the

maximum and minimum void ratios of granular materials. The concept of regularity was

employed to capture roundness and sphericity of a particle, while excluding the effect of

particle surface roughness. The current study considers own experimental results for glass

beads and sands as well as an extensive dataset obtained from literature. DIN standards

were followed for the determination of the index properties of granular matter. For poorly

graded glass beads, the emax and emin values were found to correlate stronger with d50

than with Cu. A good fit between the experimental results and the data obtained from

literature is found for glass particles. There is a tendency of emax to decrease with d50,

while emin increases, thus both limit void ratios approach each other with increasing grain

size. Furthermore, these relationships have been fitted by empirical equations, considering

also data for glass materials from the literature.

For sand, the suggested model has been demonstrated to be an improvement over an

existing model. The considerable scatter obtained in the plots of void ratios versus Cu

can probably be attributed to the effect of roughness of the grain particles. The emin and
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emax values for sands were found to significantly drop with increasing Cu and increasing

regularity, while no clear tendency with d50 could be found. In a similar way, empirical

equations were validated based on extensive collected data from the literature.

Besides, the data of glass beads and naturally rounded sands was analyzed to investigate

the effect of specific gravity on the void ratio limits, which was captured through the

introduction of a parameter called the specific gravity ratio. A better prediction of the

extreme values of void ratio was achieved using this ratio with glass as the reference

material. In addition, incorporating the specific gravity ratio into the model developed

for sands, a better degree of accuracy is achieved in estimating emax and emin, although

it is acknowledged that the influence of the specific gravity is very small and can be

neglected for practical purposes.





4 Experimental methods

4.1 Introduction

The investigation of the combined effect of particle size and shape on the mechanical

characteristics (static, cyclic and dynamic characteristics) of granular soils is the main goal

of this research. For this, a rigorous and systematic experimental program incorporating

various types of experiments was followed, which forms the backbone of this study. The

purpose of the present chapter is to introduce and briefly describe the various experimental

devices used along with their mode of operation. Furthermore, the test materials are

characterized.

4.2 Materials used

In the majority of the experimental program discussed in subsequent chapters, three ma-

terials - round glass beads, crushed angular glass and sub-angular Rhein (Rhine) sand

were considered. All the three materials have quartz as the dominant mineralogical con-

tent. The round glass beads were purchased from a well-known local company specialized

in glass products, Mühlmeier GmbH. The Rhein sand was procured from the banks of the

river Rhine, which flows across the state of North Rhine-Westphalia (NRW) in Germany.

The crushed glass, however, was not readily available; therefore, it had to be artificially

produced from the round glass beads using a Los Angeles abrasion machine, which was

readily available at the laboratory of the Lehrstuhl für Verkehrswegebau (Chair of High-

way and Road Engineering), Ruhr-Universität Bochum (Fig. 4.3). The principle of the

Los Angeles abrasion machine is described later. The obtained crushed glass was washed

to remove the fines and then dried in the oven for 24 hours at a temperature of 105◦C.

To obtain a similar particle size distribution, round glass beads of various sizes were

mixed in certain proportions to match the grain size distribution of the crushed angular

glass, which has a mean grain size of d50 = 0.45 mm and a uniformity coefficient of

85
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Cu = 5. Finally, the Rhein sand was sieved to correspond to a similar gradation as

the crushed glass. The particle size distribution curves for the three materials before

commencement of the monotonic tests is displayed in Fig. 4.1. In this thesis the crushed

glass, round glass beads and Rhein sand are generally abbreviated as CG, RG and Rhein.

The index properties of the three materials summarized in Table 4.1 were determined

through standardized tests (DIN-18124 2011 and DIN-18126 1996 for specific gravity and

the limiting void ratios). Evidently, it is expected that the particle shape of crushed glass

would be the most angular, followed by the shape of Rhein sand while the round glass

beads are expected to be the most rounded. Image analysis procedures (details of which

have been described in the preceding chapter) were used to quantify particle shape. The

microscopic images of the three materials are shown in Fig. 4.2 whereas Table 4.1 provides

the determined shape parameters.

 

Figure 4.1: Grain size distribution curves of the crushed glass, round glass beads and Rhein

sand with two different Cu values.

To assess the influence of the particle gradation on the mechanical behavior of granular

soils with different particle shapes, three more mixtures of glass beads, natural sand and

crushed glass with a similar d50 = 0.45 mm but a lower Cu = 1.25 were generated. The

physical properties of these three additional materials are listed in Table 4.1 while Fig.

4.1 shows their grain size distribution curves.

To obtain crushed glass conforming to a specified particle size, large glass beads with a

size in the range 4.5-6.5 mm were used considering the fact that it is easier to crush larger
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Crushed glass Rhein sand Round glass beads

R=0.30

Sc=0.60

ρ=0.45

R=0.44

Sc=0.76

ρ=0.60

R=0.90

Sc=0.90

ρ=0.90

Figure 4.2: Microscopy images of the three materials with Cu = 5: (left to right) crushed glass,

Rhein sand and round glass beads, both raw and analyzed images

Table 4.1: Physical properties of the materials considered in the analysis

Material Cu d50 (mm) R Sc ρ emax emin Gs

Crushed glass 5 0.45 0.3 0.6 0.45 1.03 0.50 2.54

Rhein sand 5 0.45 0.44 0.76 0.6 0.83 0.47 2.65

Round glass beads 5 0.45 0.9 0.9 0.9 0.53 0.38 2.54

Crushed glass 1.25 0.45 0.3 0.6 0.45 1.15 0.68 2.54

Rhein sand 1.25 0.45 0.44 0.76 0.6 0.90 0.57 2.65

Round glass beads 1.25 0.45 0.9 0.9 0.9 0.74 0.58 2.54

glass beads than smaller ones in the Los Angeles machine (Fig. 4.3). For crushing round

glass beads, the following steps were followed:

• Around 5 kg of glass beads were poured inside the chamber of the Los Angeles

abrasion machine along with 12 steel charges.

• The cover is put on and tightly fastened using four screws placed diagonally to each

other.

• The machine is mechanically rotated at a speed of 33-34 revolutions per second and

for a total of 500 revolutions.

• Since the round beads were to be crushed to a desired gradation, the process was

repeated for another 2 times on the same material to achieve a higher degree of

crushing.
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(a) 

 

(b) 

 

 
Figure 4.3: (a) The Los Angeles abrasion device adopted for crushing glass beads, (b) steel

charges for crushing

• After completion, the material inside was poured into a steel tray and sieved.

• The portion which corresponded to the desired particle size was separated while

the remaining larger fraction was again re-used for further crushing along with

additional glass beads.

4.3 Adopted devices

4.3.1 Direct shear device

A direct shear apparatus (Wykeham Farrance Eng. Ltd., England) was used to verify a

set of data obtained from the triaxial tests. In this device (Fig. 4.4), the specimen size

was 6 cm by 6 cm in horizontal directions, and 2 cm in the vertical direction. The device

allows free rotation of both upper frame and loading plate, and the horizontal shearing

plane is located at a distance of 1 cm from the bottom surface of the specimen. The

vertical stress was applied by placing weights on a loading beam and was transmitted

to the specimen through a steel ball to ensure uniform stress distribution. The strain

rate was adjusted using a combination of gears for the desired speed. Both the horizontal

and the vertical displacement and the horizontal (shear) load were continuously measured

during the entire duration of the test.
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(a) (b)
 

 

Figure 4.4: (a) Front and (b) top views of the direct shear device used for the experiments

Testing procedure

To conduct the direct shear tests, the dry mass of the material for a target relative density

to be tested was first calculated based on the volume of the direct shear box. Both the

top and bottom parts of the box were kept together in place with the help of two screws

diagonally opposite to each other. After that, the dry material was slowly poured inside

the box in three layers. For dense specimens, the specimen was gently tamped occasionally

to obtain the required density. It was ensured that after pouring each layer, the top surface

of the material was scratched to ensure a better interlocking between successive layers.

Afterwards, the direct shear box was transported and mounted into the direct shear device

and kept in position for further testing.

Once in position, the top cap (with a groove at the top of it for placing a steel ball) was

placed on top of the sample and the screws were detached. Then the loading frame was

slowly lowered onto the top cap so that it rested on top of the steel ball. The desired

load was applied by placing weights onto the beam loading device. The shearing was

performed at a constant rate of deformation, presently 0.24 mm/min. Three proving rings

simultaneously measured the horizontal and vertical displacement, as well as the shear

force while the test was in progress. Readings were made at intervals of 30 seconds. All

direct shear tests were peformed on dry samples.
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4.3.2 Triaxial devices

i) Triaxial device used for tests with monotonic loading

The triaxial device is a common geotechnical laboratory device to measure the intermedi-

ate and large-strain properties of geo-materials. The monotonic triaxial tests were carried

out on a Wykeham Farrance Eng. Ltd. (England) strain controlled loading machine as

adopted in previous studies by Wichtmann (2005). The applied device is shown in Fig.

4.5. For the triaxial testing program, the specimens were formed into a cylindrical shape

with 10 cm in diameter and 20 cm in height. The load piston is positioned at the top,

counteracted by a horizontal beam, and the loading is applied from the bottom at a spec-

ified displacement rate which can be adjusted by changing positions of the loading gears.

The adopted displacement rate in this study was 0.1 mm/min. Axial deformation of the

specimen was measured with a displacement transducer (LVDT) mounted to the load

piston at the top of the triaxial device. The volume change of the specimen was measured

through a burette system. The specimen was fully saturated and the drainage lines were

connected to a burette. Changes in water level correspond to volume changes of the sam-

ple. The changes in water level are measured by a differential pressure transducer, which

compares the water pressure in the measuring burette with that in a reference burette

having a constant water level. Cell pressure and back pressure sensors are mounted at

two exits of the pressure cell or the drainage system, respectively. The axial loading was

measured through an external load cell installed at the top of the triaxial frame. The data

of all sensors is recorded at a PC using HP-VEE software.

The chosen rate of axial deformation ensured that the pore water pressure response inside

the sample developed uniformly during undrained shearing. For drained shearing, this

ensured drained conditions during the whole test. This rate was generally found to be

suitable (Verdugo & Ishihara 1996; Rahman 2009; Rahemi 2017).

ii) Triaxial device used for tests with cyclic loading

The cyclic undrained triaxial tests were carried out in an electro-mechanically driven

load press manufactured by Wille Geotechnik, GmbH, Germany (Fig. 4.6). A similar

triaxial cell as used in the monotonic tests was applied. However, there were a few changes

compared to the monotonic tests. The axial load was measured with a load cell located

inside the pressure cell, below the sample base. The cyclic loading was triangular in shape

and applied stress-controlled, implying that the direction of loading was reversed after
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Figure 4.5: Triaxial device used for the various monotonic triaxial experiments

the maximum or minimum values of deviatoric stress corresponding to a certain stress

amplitude were reached (refer Fig. 4.7). The vertical displacements were measured from

the movement of the loading piston. For data logging and general control of the triaxial

device (e.g. movement of the load piston, application of the back pressure, measurement

of vertical deformation), Geosys software was used. For the application of back pressure

and the measurement of the volume changes during consolidation and testing, the burette

system was replaced by a volume pressure controller (VPC) for achieving a higher degree

of accuracy. The VPC has a capacity of approximately 1 liter. A pressure sensor was

further mounted on it which is used to control the back pressure as well as double check

the measurement of the back pressure sensor connected to the drainage system at the

bottom of the cell (marked with yellow circle in Fig. 4.8). The positioning of the other

sensors can also be seen in the same figure.



92 4 Experimental methods

(a) 

 

Load piston 

Volume pressure 

controller (VPC) 

Soil sample 

Electro-

mechanical 

driving unit 

Load cell 

Cell 

pressure 

sensor 

Back 

pressure 

sensor 

Geosys for 

control 

Figure 4.6: Electro-mechanical triaxial device manufactured by Wille Geotechnik GmbH used

for the various cyclic undrained triaxial tests
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Figure 4.7: Triangular deviatoric loading against time t used for the cyclic tests and typical

deviatoric stress - axial strain relationship
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Figure 4.8: Cell and back pressure sensors in the triaxial device used for the various cyclic

undrained triaxial tests

iii) Testing procedure in the triaxial tests

Before performing regular tests, calibration was rigorously done on the various sen-

sors/transducers to ensure accuracy of results. The system deformation was quantified

in preliminary tests using a steel dummy of 10 cm in diameter and 20 cm in height.

A membrane with thickness of 0.7 mm was used for all the monotonic tests performed

in this research. Besides, the usage of a large specimen in combination with granular

materials with small mean grain size (d50) minimized the effects of membrane penetration

(Baldi & Nova 1984). This was further supplemented by an independent analysis of the

effect of membrane penetration and membrane resistance, the values of which were too

small to affect the outcome of the test results significantly, so that they were hence not

taken into consideration further (further details in Chapter 5). It is noteworthy to mention

that end bearing friction was significantly minimized using rigid stainless steel platens with

a small (diameter 20 mm) central porous stone, and was therefore deemed negligible to

affect the experimental results (Tatsuoka et al. 1986; Omar & Sadrekarimi 2014).
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a) Sample preparation

Initially, the split mold was placed on the bottom platen of the triaxial device containing

the rubber membrane and fastened with six screws. A vacuum was applied to the mold

from the outside to suck the membrane to the inner sides of the mold. Considering that

different sample preparation methods (refer to Chapter 2) lead to different soil fabric

which subsequently influences soil behavior, air pluviation method was adopted as it best

simulates natural deposition of sands. Furthermore, the samples in all subsequent tests in

the scope of the present study were prepared using air pluviation to ensure a similar soil

fabric in all tests.

After the mold was filled with the material, the excess material in the form of a cone

at the top was carefully brushed off using a straight steel scale and carefully collected

into a container. Then the top cap of the triaxial cell with the top platen was placed and

fastened with the help of two brass screws. A vacuum of 50 kPa was applied inside the

specimen through both the top and bottom drainage pipes, the magnitude of which was

measured by the back pressure sensor. The vacuum stabilizes the specimen and thereby,

enables the removal of the mold. Once the mold is removed, the membrane is checked for

any possible leakages which might have arisen from the specimen preparation and mold

removal process. This is achieved through closing the bottom and the top drainage paths

one by one and checking if the magnitude of vacuum inside the sample stays constant. A

steady decrease in the amount of negative pore pressure would imply either a leakage in

the membrane or compromised connections at the drainage paths.

If the measured vacuum value stays constant, confirming an intact membrane, one can

then proceed with measuring the dimensions of the sample. For determining the diameter,

five measurements were made across the height of the specimen, and this process was

repeated for another two angles. Therefore, one obtains a total of 15 values for the diameter

along the height of the sample considering three different angles. In a similar manner, the

height of the sample was determined by measuring the distance between the top of the

load piston and the top surface of the triaxial cell. This measurement was previously

calibrated using a steel dummy of known height.

Afterwards, the plexiglass cell was mounted and was fixed through the outer ring of the

triaxial cell and 6 rods connecting the top and base plates of the triaxial cell. The cell was

then filled with water from the bottom slowly, until the specimen was completely sub-

merged. Meanwhile, the linear vertical deformation transducer (LVDT) was mounted to

the axial load piston to measure vertical deformations during consolidation and shearing.
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The cell pressure sensor was then mounted and the cell pressure was increased in steps

to 50 kPa along with decreasing the vacuum inside the sample to zero. This ensured that

the specimen was always subjected to a constant effective confining stress of 50 kPa.

b) Saturation

One of the major aims of triaxial testing is to ensure a high degree of saturation of the

sample. This was done in three steps: the first step involved and replacing the air phase

with carbon dioxide (CO2) which has a higher solubility in water; the second step involved

saturation through de-aired and de-ionized water for a longer time (usually 3-4 hours),

whereas the third step was back pressure saturation which took place for the longest

duration (around 12-14 hours, usually overnight).

CO2 was supplied through a large saturation tank available in the geotechnical laboratory.

The de-ionized water inside the tank was de-aired for 1 hour using CO2 and later, through

vacuum. The flow rate of CO2 through the dry sample was kept at 1-2 bubbles per second,

which was easily verified by placing the outlet into a jar containing water. CO2 was slowly

percolated from the bottom platen of the device under a constant cell pressure of 50 kPa.

This process was carried out for a couple of minutes to ensure that CO2 had replaced

all the air at the bottom drainage. Later, the bottom drainage was closed and the top

drainage was simultaneously opened for the gas to percolate through the sample. This

process took around 1 hour, and after completion, it was assumed that all the air inside

the sample was replaced with CO2.

The second step involved saturation using de-aired and de-ionized water, initially flown

steadily from the tank through a connected tube to the bottom platen of the specimen.

The bottom drainage was kept open to facilitate passage of the air bubbles from the

bottom part out of the sample. The de-aired water occupies the voids replacing the CO2.

This process was continued for around 15-20 minutes till there were no visible air bubbles

in the bottom drainage pipe. Then, the top drainage was opened and the bottom drainage

closed. The flow of de-aired water through the sample was kept very low (around 1-2 drops

per second at the outlet) to ensure a homogenous degree of saturation throughout and in

order not to disturb the fabric of the granular material. This process took around 3 hours.

Once the desired volume of de-aired water had flown through the sample (approximately

around 2 liters), the second step of saturation was considered to be completed.

For the final step of saturation, the exit of the drainage pipes was connected to the burettes

of the volume measuring device. After the burettes were filled to the same height of water
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as in the saturation tank, the water inflow was closed. The back pressure was then steadily

increased along with the cell pressure to 200 kPa and 240 kPa respectively. After a period

of 12-14 hours, the saturation of the specimen was checked using Skempton’s B-value test,

where B ≥ 0.95 implies a sufficient degree of saturation, which enables to proceed to the

consolidation phase.

c) Consolidation

After obtaining an acceptable B-value, the specimens were isotropically consolidated un-

der a target mean effective stress. To guarantee an isotropic stress condition during the

increase of cell pressure, an additional vertical load has to be applied via the load piston,

because the load piston is rigidly connected to the sample top cap and thus cell pressure is

not acting on the cross-sectional area of the load piston. For cyclic triaxial tests, for that

purpose the axial piston was fastened to the piston of the load press and the additional

load was controlled by the Wille load press, whereas for the monotonic loading tests the

additional load had to be applied manually using the wheel of the Wykeham Farrence

load press. During this process, the drainage from both ends was opened to allow flow of

pore water into the burette of the volume measuring unit. Specimens were allowed to con-

solidate for 1 hour, while the vertical deformation and volume change were continuously

monitored throughout this process. The process of consolidation was deemed complete

once the specimen volume remained almost unchanged over a longer period of time. The

changes of volume and height during consolidation were recorded and the actual sample

dimensions, void ratio and relative density corresponding to the end of consolidation and

the start of the shearing phase were determined.

d) After testing

Before commencing a test, the membrane (either new or re-used) must be checked for any

possible leakages. For this, a membrane controller consisting of two cylinder platens, an

air pressure tube, and two O-ring seals, was used. The procedure was simple: (a) a rubber

membrane was installed on two cylinder platens and sealed with the O-rings, (b) a low air

pressure was applied inside the membrane, and (c) the entire membrane was immersed in

water. If there were any possible leakages, then the air inside the membrane would escape

and continuous air bubbles would appear on the surface of the water. If the integrity of

the membrane was intact, it could be reused for future tests.
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Once the testing was completed (either monotonic or cyclic), the HP-VEE/Geosys pro-

gram was stopped and the axial loading piston was disconnected from the loading frame.

The pressure was reduced and the water inside the plexiglass cylinder was drained off.

This was followed by taking off the plexiglass cylinder, disconnecting the top drainage

pipe and taking off the top cap along with the platen. The sample was carefully removed

and collected in a container, and was oven-dried for 24 hours at a temperature of 105◦C

for future tests.

4.3.3 Resonant column device

The resonant column device (abbreviated as RC) or measurements with piezoelectric ele-

ments are widely used methods in geotechnical laboratories to measure the small and in-

termediate strain properties of geo-materials. Early studies (Jovicic & Coop 1988; Kuwano

& Jardine 2004; Wang & Mok 2008) have extensively used piezoelectric elements mounted

in various laboratory devices to measure the shear wave velocity and thus maximum shear

modulus at low amplitudes of vibration. In addition, these elements may also be imple-

mented indirectly to determine modulus reduction curves and damping ratio of soils (e.g.

Choo et al. 2013).

One of the more popular and standard devices to measure small and intermediate strain

properties as defined by ASTM-D4015 (2000) is the resonant column (RC) device. This

device is based on the oscillation of a cylindrical sample on one of its three possible

vibration modes: the flexural mode (Cascante et al. 1998), normal mode (Saxena & Reddy

1989) and torsional mode, whichever is applied to determine the resonant frequency of

the sample.

Out of all the three modes of vibration, the torsional resonant column device is the most

common one. The first mention of this type of device may be encountered in Iida (1937) to

evaluate the influence of water content on wave velocity. Since then, the device has gone

through significant modifications and improvements in the last few decades (e.g. Hardin

& Black 1966; Hardin & Drnevich 1972a; Hardin & Drnevich 1972b; Stokoe et al. 1999)

to study small strain properties of soils.

There are two types of torsional RC device: free-free and fixed-free. In the free-free RC

device, the actuator is mounted on the top or bottom of the sample whereas the other

end is free in rotation. Usage of this type of RC device may be found in the works of

Drnevich and Stokoe. The free-free RC device at Ruhr-Universität Bochum was designed

so that the polar mass moment of inertia of the bottom part (J0) measures about 17.2
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Figure 4.9: The Resonant Column device at Ruhr-Universität Bochum

times the polar mass moment of inertia of the top part (JL). This device (refer Fig.

4.9) has previously been used in the works of Wichtmann (2005) and Goudarzy (2015)

by employing the relationships developed based on the free-free boundary conditions.

COnsidering these boundary conditions the shear modulus G is obtained through the

expressions given below (Eqs. 4.1 and 4.2):

a tan(a)− J2

J0 · JL
tan(a)

a
=

J

J0

+
J

JL
(4.1)

G =

(
2πLfr
a

)2

· ρ (4.2)

where a is defined as ωL/vs with ω being the rotational frequency and vs the shear wave

velocity. J0 and JL are the polar mass moments of inertia of the bottom and top parts

respectively, J is the polar mass moment of inertia of the sample, ρ is the sample density,

fr is the resonant frequency and L is the height of the sample. The equations for the

fixed-free condition are obtained by setting J0 to infinity in Eq. (4.1). Then Eq. (4.1)

reduces to Eq. (4.3):
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a tan(a) =
J

JL
(4.3)

The top part of the Bochum RC device includes two mini-shakers for applying a rotational

excitation at the top of the sample. Two transducers (accelerometers) were mounted on

the weight accelerated by the mini-shakers, while two more accelerometers are mounted

on the top part itself. The signals of one accelerometer on the mini-shaker and one on

the top part are monitored at an oscilloscope. The excitation frequency is varied until

the resonant frequency of the system composed of the sample and the two end masses

is found. At the resonant frequency, the phase difference between the signals received

from the acceleration transducers mounted on the mini-shakers (corresponding to applied

force) and the top part (after double integration corresponding to displacement) must be

π/2.

To guarantee accuracy of the results, the values of JL, J0 and J must be determined

accurately. The bottom part of the device and the sample have a cylindrical shape with

a given density and dimensions, which enables to calculate J0 and J using geometric

relations. However, the top part has a complex shape compounded by electrical equipment,

cables and holes, which makes the determination of JL more challenging. Experimental

methods are therefore used to determine JL. The procedure using an aluminium sample

is explained in detail in Goudarzy (2015), and therefore, not repeated herein. The final

value of JL was determined to be 0.0647 kg·m2.

Newly-designed RC device to include axial mode of vibration

As described in the previous section, the most common resonant column technique is based

on torsional oscillations of a cylindrical specimen to measure its resonant frequency. Two

other modes of vibration are possible: the flexural and axial or longitudinal modes (see

Fig. 4.10b and c). The newly developed device introduced herein has been additionally

designed for the axial or longitudinal mode of vibration. In this device the bottom of the

specimen is fixed, whereas the top part is free in vibration. The axial vibration is applied

on the top of the specimen, thereby representing fixed-free boundary conditions (Fig.

4.10a). This device includes three main parts, which are surrounded by a plexiglass cell.

These parts are: (i) driving system, (ii) specimen, and (iii) volume change measurement

elements.
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Figure 4.10: (a) Newly designed resonant column device for different modes of vibration under

isotropic and anisotropic loading, (b) normal mode, and (c) flexural and torsional mode of

vibrations
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Figure 4.11: Schematic diagram of the newly designed device for axial/compression/normal

mode of vibration
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i) Driving system

In this device, the top and bottom caps of the specimen are designed so that piezoelectric

elements can be easily placed in them, thus providing additionally the possibility of per-

forming RC tests and shear or compression wave velocity measurements simultaneously

(Fig. 4.12).

 

Figure 4.12: The top and bottom caps of the specimen with a piezoelectric compression element

installed

The vibration source (driving system), is an electromagnetic device capable of applying

a sinusoidal axial vibration and/or torsional vibration to the active end platen to which

it is rigidly coupled (Figs. 4.10b and 4.10c). The driving system is composed of a cu-

bic aluminum mass, which includes two mini-shakers for applying vibration and also two

accelerometers to record displacement signals (the driving system is called actuator here-

after). The adopted mini-shakers are of the electrodynamic type with a permanent field

magnet. A coil is flexibly suspended in the field of the permanent magnet. An alternat-

ing current signal is passed through the coil to produce a vibration. Two accelerometers

were also mounted on the shaker (Excitation signal) and at the corner of the actuator

(Received signal) for visualization of signals (see Fig. 4.11). In the following the signals

are abbreviated as Exc. and Rec. respectively. These accelerometers are used to detect

the applied force through the shaker using Exc., and displacement of the actuator during

vibration using Rec. The frequency of excitation is adjustable and controlled using the

prepared software in LabV IEW . A sinusoidal current is applied with a means of adjust-

ing the frequency over the entire range of operating frequencies. This instrument provides
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sufficient power to produce the required vibration amplitude. In addition, the output sig-

nals from the transducers may be electronically amplified to assist in the visualization

of the signals. The strain amplitude measurements shall only be made at the resonant

frequencies. Thus, for a given current applied to the excitation device, the Rec. outputs

recorded at the resonant frequency give sufficient information to calculate strain ampli-

tude, stiffness, and damping ratio. To increase or decrease strain amplitude, the current

to the vibration excitation device must be increased or decreased. After making a change

in current applied to the vibration excitation device, the procedure is followed to find the

corresponding resonant frequency and record signals at the resonant frequency.

ii) Specimen

The size of the specimens that can be tested in the axial mode of vibration ranges between

70/150 mm and 150/300 mm (diameter/height). The specimen is prepared outside the

device and after preparation, transferred into the cell. According to Drnevich (1978), the

largest particle contained within the specimen shall be smaller than 1/10 of the specimen

diameter for specimens having a diameter smaller than 70 mm, and smaller than 1/6 of

the specimen diameter for larger specimen diameters (Drnevich 1978).

iii) Measurements of volume change

To make the system completely free in vibration, the volume change of the specimen is

monitored using 7 non-contact displacement transducers, which are mounted around the

specimen. Six non-contact displacement transducers along the sides detect changes in the

diameter while the one at the top detects the vertical settlement of the specimen due to

the increase of cell pressure or during the increase of vibration amplitude (see Fig. 4.11).

iv) Calculation of the elastic modulus E, axial strain ε1 and damping ratio D

a) Elastic modulus, E

In the axial resonant column technique, a column of material is excited longitudinally

in one of its normal modes, and the wave velocity is determined from the frequency at

resonance and from the dimensions of the specimen. For axial vibration, displacement is

zero at the fixed end, but at the free end a force is exerted on the rod which is equal to
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the inertia force of the concentrated mass (see Richart et al. 1970 for details). This force

can be expressed as:

F =
δu

δx
AE = −mδ2u

δt2
(4.4)

where, m is the mass of the specimen, A is cross-sectional area, E is Young’s modulus,

F is the applied force and u is the vertical displacement in the vertical direction x. To

calculate E, Eq. 4.5 is generally employed (after Richart et al. 1970):

α tan(α) =
m

ML

(4.5a)

E = ρv2
L = ρ

(Lωn
α

)2

= ρ
(2πfr

α

)2

(4.5b)

where ρ denotes the density of the sample, L the sample height, m and ML the mass of the

specimen and the bottom part of the device, vL the longitudinal wave velocity, α = ωnL
vL

(with ωn = 2πfr being the rotational frequency), and fr denotes the resonant frequency.

b) Vertical strain, ε1

As has been described by Drnevich (1978), the average strain amplitude, ε1, for longitu-

dinal motion can be calculated by:

ε1 = SF · λ ·RMS

L
(4.6)

where λ is the longitudinal motion transducer calibration factor for the transducer used

in establishing resonance, RMS= longitudinal transducer output, SF = strain factor and

L = specimen length.

c) Damping ratio, D

By recording two signals from shakers, acceleration corresponding to force (excitation

signal, abbreviated as Exc. Signal) and displacement (received signal, abbreviated as Rec.

Signal) as functions of time and visualizing them at the oscilloscope, damping ratio can be

estimated using three different methods: a. Bandwidth method, b. Free vibration decay

curve and c. Lissajous figure or energy method.
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i) Bandwidth method (BW )

This method is accurate for materials with low damping ratio or to measure damping ratio

at small strain levels since for higher strain levels the accuracy of this method decreases

significantly (Stokoe et al. 1999). In this method, longitudinal transducer output RMS of

Rec. Signal is drawn against the frequency. The peak point in the RMS-frequency curve

corresponds to the resonant frequency, fr. f1 and f2 are the frequencies, where the RMS

is equal to 1/
√

2 of maximum RMS, where f=fr. Damping ratio can be estimated using

the following relationship:

D =
f2 − f1

2fr
(4.7)

ii) Free vibration decay method (FV D)

The process by which the amplitude of vibration steadily diminishes with time is called

damping; hence, this can also be utilized to estimate damping ratio. In the free vibration

decay curve, after hitting resonant frequency during the sweep time (the time in which

the excitation frequency is varied to find the resonant frequency and determine damping),

the input power of the exciters is suddenly disconnected and the received signal Rec.

is recorded. The recorded signal is used to determine the damping ratio using Eq. 4.8

(Richart et al. 1970):

Z =
1

N
ln
( x0

xN+0

)
(4.8)

where x0 and xN+0 are the amplitudes of two cycles, with N being the number of cycles

between the two analyzed ones. The material damping ratio D can be obtained using Eq.

4.9:

D =
[ Z2

4π2 + Z2

]1/2

(4.9)

iii) Energy method

Here, the damping ratio is determined using the hysteresis loops after application of a

cycle of vibration. Damping ratio is defined as the ratio of the dissipated energy in one

cycle of loading (∆W) over 4π times of the total energy (W ). If the Rec. Signal is drawn
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with respect to the Exc. Signal, this generates the a Lissajous figure (refer Fig. 4.11).

This loop will be vertical at resonant frequency, because the phase difference between

Exc. signal and Rec. signal is π/2 at resonant frequency. Signals from Exc. and Rec.

during RC experiments are converted to force and displacement, using the corresponding

calibration or convert factors. Doing so, the Lissajous Figure will be displayed in the

space of displacement (U) versus force (F ). The area of the loop in F − U space is

equal to the dissipated energy ∆W . The total energy W is calculated as the area of the

triangle below the central axis of the hysteresis loop in the stress-strain space (Wichtmann

et al. 2001). This method is affected by noises at low strain levels, because the values of

peak amplitude from accelerometers are used directly in the equations. These outputs are

susceptible to be affected by noises when the amplitude of vibration is lower than the

amplitude of noises. Therefore, this method may not be accurate for low amplitudes of

vibration (strain less than 10−6), but the accuracy of this method increases significantly

with increasing vibration amplitudes.

As also reported by Stokoe et al. (1999), for measurements at small strains (<10−5),

background noise can have a more adverse effect on the free vibration decay curve than on

the frequency response or bandwidth method. However, at large strains, the assumptions

in the derivation of equations in the bandwidth method will not be valid, and a serious

error in the measurement of damping ratio can be encountered. As long as the amplitude

of noises is larger than the amplitude of vibration, the D obtained from free vibration

decay and energy methods might be affected by noises.

4.4 Calibration and validation of the adopted devices

4.4.1 Calibration and validation of triaxial device

4.4.1.1 Monotonic triaxial device

Before starting extensive testing, the results obtained by the triaxial device used for mono-

tonic testing were checked by repeating an experiment already documented in Rahemi

(2017). The test was carried out on clean Hostun sand (material properties are listed in

Chapter 3) with the same boundary conditions as outlined in Rahemi (2017). The sample

of height 20 cm and diameter 10 cm was prepared and was saturated using a back pressure

of 200 kPa, leading to a B-value higher than 0.95. The test was carried out on a relatively

dense sample (relative density ID = 76% in Rahemi 2017 and ID = 78.1% in the current
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experiment) under an effective confining stress of 300 kPa. The shearing was continued

till an axial strain of about 16% as in Rahemi (2017). The only major point of difference

was in the sample preparation method where Rahemi (2017) used moist tamping method,

whereas air pluviation was applied for the control experiment. Further details about the

testing procedure were already discussed in the previous chapter.
(a) (b)

Figure 4.13: Comparison of the (a) q− ε1, and (b) q− p′ data for clean Hostun sand measured

in a test of the current research with a previous test of Rahemi (2017); the slight differences

may be attributed to the different sample preparation methods employed, while the slope of the

steady state line remains the same

The q − p′
and q − ε1 curves for both the tests are shown in Fig. 4.13. Clearly, there is a

relatively good match between the two results, in particular with respect to the effective

stress paths. The difference in the q − ε1 relationships noticed after an axial strain of

0.31% can probably be mainly attributed to the different sample preparation methods,

which is well known to affect the stress-strain and volume change response of soils. Vaid

et al. (1999) showed that at identical initial void ratio and effective stress state, samples

prepared through moist tamping may be potentially liquefiable, while the response of but

the water deposited samples may even be dilative. The samples prepared by air pluviation

lay in between these two extremities. Also, the compressibility of the samples prepared

by moist tamping were higher than in case of the other two methods. The results in Fig.

4.13a show a similar trend to the results of Vaid et al. (1999). In addition, Sadrekarimi

& Olson (2011) stated that various sample preparation techniques do not influence the

steady state of soils, further elaborating that “at critical state the initial sand structure

has been largely destroyed”. This implies that at the steady state, all the samples are
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expected to reach a similar fabric irrespective of the initial fabric generated by the chosen

sample preparation method. Therefore, the slope of the steady state line (SSL) prepared

by both method remains the same, which is evident from Fig. 4.13b.

4.4.1.2 Cyclic triaxial device

To assess the quality and reliability of the own cyclic triaxial tests, the results were com-

pared with published data. For this purpose, the cyclic tests with isotropic consolidation

and stress cycles performed on Karlsruhe fine sand (Wichtmann 2016) were selected. The

Karlsruhe fine sand, also referred to as KFS sand, is a fine-grained semi-angular sand with

a very small percentage of fines. The grain size distribution of the sand is shown in Fig.

4.14. The fines (grains with size smaller than 0.063 mm) were initially washed out prior

to testing, thus any possible migration of fines into the porous discs was avoided. The

uniformity coefficient Cu and the mean grain size d50 were found to be 1.48 and 0.16 mm

respectively. It should be noted that the d50 of the KFS sand tested in the present the-

sis was slightly higher than that reported by Wichtmann (2016), possibly resulting from

using a different batch of the sand. The specific gravity of the sand following DIN-18124

(2011) was 2.65, whereas the emax and emin (DIN-18126 1996) values were 1.054 and 0.677

respectively.

Following preparation by air pluviation and flushing of the sample with CO2, three stages

of saturation using de-aired and de-ionized water were employed: under the influence of

gravity, under a back and cell pressure of 200 and 240 kPa respectively, and under a

back and cell pressure of 400 and 440 kPa respectively to achieve a very high degree of

saturation. Once in the final phase of saturation, the sample was allowed to rest for a

certain time to allow any remaining air bubbles to dissolve completely. Therefore, the B

values measured were above 0.99 in all the tests on KFS. The tests were carried out under

cell and back pressures of 700 and 500 kPa respectively (p
′
0 = 200 kPa) with different

amplitudes, similar to the studies of Wichtmann (2016).

Influence of various end restraints on the cyclic undrained behavior of KFS

There are two possible configurations of the end plates in triaxial testing: The first one

uses porous discs covering the whole cross-sectional area of the top and bottom end plate.

Using this configuration effects of friction between the soil sample and the porous plates

are accepted. This configuration is adventageous for saturation of fine-grained soils or

granular soils with fines. In the second configuration a small central porous stone is used
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Figure 4.14: Comparison of the grain size distribution curves of the Karlsruhe fine sand (KFS)

used for the purpose of validation along with that used in Wichtmann (2016)

in combination with smeared end plates. In this case lubrication and a membrane at the

end platens are used to reduce end friction. The reduction of end friction is of particular

importance when testing samples with a height-to-diameter ratio of 1.

ASTM-D4767 (11) and ASTM-D7181 (20) do not specify the size of the porous disc

for consolidated undrained or drained monotonic testing of soils respectively. For cyclic

tests, ASTM-D5311/D5311M-13 (2013) demands the porous disks to be equal in diameter

to the specimen. German standards for consolidated triaxial compression tests on soils

(DIN-EN17892-9 2018) and cyclic tests on unbounded mixtures (DIN-EN13286-7 2004)

also recommend to chose the diameter of the porous discs to be similar to sample diam-

eter. However, no reason for such specific choice of diameter is provided. Naturally, the

question arises to what degree the size of the porous discs might play a role in the cyclic

undrained behavior of sands under otherwise similar conditions. Till now, there has been

no investigation of this issue, leading to an uncertainty in the choice of the porous disc to

be used for cyclic testing programs.

In the present study, two different densities (Scenario 1: ID% ranging between 63.6−67.9%

and Scenario 2: ID around 27%) with a cyclic stress ratio (CSR=qampl/2p′0) of 0.15 were
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tested, and the number of cycles to initial liquefaction (defined as the numbers of cycles Nc

required to reach p
′
= 0 kPa) were compared. It should be mentioned that the studies of

Wichtmann (2016) were performed on 1:1 samples (D = 100 mm, H = 100 mm, H/D = 1)

with a loading rate of 0.05 mm/min. Unless otherwise specified, the tests of the present

study were performed on 2:1 specimens (D = 100 mm, H = 200 mm, H/D = 2). To

obtain a similar strain rate, the new tests were performed with a displacement rate of 0.1

mm/min. Two different sizes of porous stones were used for Scenario 1: a small porous

stone with a diameter of 2 cm and a large one with a diameter of 10 cm equal to the

specimen diameter. The end plates with the two different porous stones can be seen in

Fig. 4.15. For the tests with Scenario 2, only the small porous stone was used. In case

of the small porous stone end platens were smeared with a medium viscous lubricant,

followed by application of a membrane of 0.4 mm thickness on both ends. Air bubbles

were carefully squeezed out to ensure a good degree of saturation. In some additional

tests filter papers were laid on the large porous disks to prevent any fines to penetrate.

Furthermore, the influence of the thickness of membrane was varied to study its influence. 

  
 

 

 

 

 

 

 

2 cm 
10 cm 

(a) (b) 

Figure 4.15: The two porous stones of different diameters tested in the present case: (a) small

porous stone with a diameter of 2 cm, and (b) large porous stone with a diameter of 10 cm

(i) Observations - Scenario 1: p
′
0 = 200 kPa, CSR = 0.15

The influences of the size of the porous disc, usage of filter papers or smeared end platens,

sample size and thickness of the membrane were tested only on specimens with ID ranging

between 63.6% and 67.9%, corresponding to the first scenario in the present study. The

details of the tests are listed in Table 4.2.
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Table 4.2: Tests performed to assess the influence of various boundary conditions on the cyclic

undrained response of KFS sand

Case
Size of porous

disc
Restraint ID (%)

Membrane

thickness
H/D

I Small Smeared end platens 63.6 0.7 mm 2

I-S Small Smeared end platens 64.2 0.7 mm 1

I-M Small Smeared end platens 66.7 0.4 mm 2

II Small Filter paper 66.0 0.7 mm 2

III Large - 66.1 0.7 mm 2

IV Large Filter paper 67.9 0.7 mm 2

a) Influence of sample size ratio

A 1:1 sample (Case I-S) with the same dimensions as in Wichtmann (2016) was reproduced

for the purpose of comparison. The small porous disc along with smeared end platens, a

membrane of thickness 0.7 mm and a small filter paper above the porous disc was used.

The rate of loading was 0.05 mm/min similar to Wichtmann (2016) on their 1:1 sample.

As evident in Fig. 4.16 from the q − p
′

and q − ε1 curves, a good agreement between

the new test data and the results reported by Wichtmann (2016) (marked as TCUI7,

Fig. 4.16a, b) can be concluded. Both experiments show a cyclic mobility after initial

liquefaction, characterized by butterfly-shaped effective stress paths and the increase of

the strain amplitude with each further cycle. While the sample of Wichtmann (2016)

was found to liquefy at the end of the 11th cycle (Fig. 4.16a and b), the present sample

liquefied at the end of the 16th cycle (Fig. 4.16c and d). The slightly higher number of

cycles may be attributed to the small variations in the grain size distribution between

the two sets of KFS, where the present KFS is slightly coarser as previously noted in

Fig. 4.14. A slower build-up of pore water pressure resulting in larger number of cycles

to initial liquefaction under otherwise similar conditions with increasing mean grain size

has been also reported by other researchers (Wong et al. 1975; Lade & Hernandez 1977;

Martin et al. 1978; Choobbasti et al. 2014).

To compare the influence of two different sample size ratios keeping same diameter, a 2:1

specimen (referred to as Case I) was tested and compared with the reference test on the

1:1 sample, i.e. case I-S. Fig. 4.17 shows a comparison between the two cases. To reach

initial liquefaction, the 1:1 sample took 16 cycles, whereas 18 cycles were needed in case

of the 2:1 sample. The difference is negligible as far as the number of cycles is concerned.
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Figure 4.16: (a) q−p′ and (b) q−ε1 response of a medium dense (ID = 67%) sample as reported

in Wichtmann (2016), (c) q − p′ and (b) q − ε1 response of the 1:1 sample tested under similar

conditions (Case I-S)

In fact, the q−p′
path is largely similar at the beginning of the test, where the decrease in

p
′

for the 1:1 sample is slightly faster than in case of the 2:1 sample. Also, after reaching

initial liquefaction, the axial strains for the 1:1 sample develop comparatively faster than

for the 2:1 sample (see Fig. 4.17b).

b) Influence of membrane thickness

To assess the influence of membrane thickness, a test was performed on a specimen with

membrane of 0.4 mm thickness (case I-M). The smaller porous disc was used in combi-

nation with smeared end platens similar to the reference case. Fig. 4.18 shows the q − p′

and q− ε1 curves of the test I-M, while Fig. 4.19 compares the two cases, where it can be

observed that the sample with the thinner membrane undergoes initial liquefaction at 20

cycles, 2 more than in the reference case.
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Figure 4.17: Comparison of (a) q − p′ and (b) q − ε1 response of 1:1 and 2:1 samples tested

under similar conditions (case I-S)

Figure 4.18: (a) q − p′ and (b) q − ε1 responses of KFS with smeared end platens and with a

membrane thickness of 0.4 mm (case I-M)

It is known that the effects of membrane penetration are relatively larger when using

thinner membranes since they press more easily into the voids between individual grains

at the sample boundary during an increase in the effective lateral stress, σ′3 (Baldi & Nova

1984; Omar & Sadrekarimi 2014; Wichtmann 2005). Thus, during application of cyclic

loading, the liquefaction resistance of samples with thinner membranes is expected to

increase due to the delay of pore water pressure build-up caused by membrane penetration.

This results in a slower decrease in p
′

till initial liquefaction is achieved. The present set

of results shows a similar trend (refer Fig. 4.19). However, for fine-grained sands as the

tested KFS the membrane penetration effects can be regarded as almost negligible for

practical purposes.
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Figure 4.19: Comparison between the test results with small porous discs using two different

membranes (cases I and I-M): (a) q − p′ and (b) q − ε1 responses

c) Influence of roughness of the end platens

To compare the influence of differing roughness of the end platens, the two different

diameters of porous discs shown in Fig. 4.15 were used - one with a diameter of 2 cm

and the other with a diameter of 10 cm. For the purpose of comparison, the standard 2:1

samples were used. Furthermore, three subcases were studied as discussed below.

1) Using the smaller porous discs without smearing of the end plates, but with a

filter paper covering the end platens (case II)

In this case, the small porous stone was used without smearing the end plates. Instead, a

standard filter paper was introduced between the sand and the end platens. Therefore, the

sand was not in direct contact with the end platens, but with the filter paper sandwiched

between them. The q−p′
and q−ε1 curves from this test are shown in Fig. 4.20. The total

number of cycles to reach initial liquefaction is 16, which is 2 cycles less than in case of

the reference sample (case I with 2:1 sample, small porous disc and smeared end plates).

Fig. 4.21 facilitates a direct comparison between the reference sample and case II. As can

be seen from Fig. 4.21a, the evolution in the q − p′
path for the first cycle under both

boundary conditions mirrors each other. For the intermediate cycles, the sample in case

I showed slightly more resistance, which resulted in a relatively slower decrease of p
′
. In

the post-initial liquefaction regime, the increase of axial strain with increasing number of

cycles is similar for both cases. Evidently, there seems to be a minimal difference between

the application of smeared end platens and a filter paper covering the entire end platens.
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Figure 4.20: (a) q − p′ and (b) q − ε1 responses of a 2:1 KFS sample using a small porous disc

with filter paper over the end platens (case II)

Figure 4.21: Comparison between the test results with a filter paper and smeared end platens

(cases I and II): (a) q − p′ and (b) q − ε1 responses

2) Using the larger porous discs without filter paper (case III)

Here, the porous disc was changed to a larger size (diameter of 10 cm, shown previously

in Fig. 4.15b). Owing to the large size of the disc, using smeared end platens was not

feasible, which is why the sand was pluviated directly into the mold thereby ensuring

direct contact between the sand and the underlying disc. As the fines were washed out

previously, migration of the smaller grains into the porous discs and subsequently into the

drainage pipes was not encountered in the tests. The rest of the procedure was similar

as in the case of the smaller porous disc. However, from the test results as seen in Fig.

4.22, the number of cycles till initial liquefaction in the case of a large porous disc was

significantly higher than in the previous cases, with the sample needing 39 cycles to reach

p
′
=0 kPa.
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Figure 4.22: (a) q − p′ and (b) q − ε1 responses of 2:1 KFS sample using the large porous disc

(case III)

The reason is clear - a direct contact between the sample and the porous disc is responsible

for increasing friction at the interface, therefore, causing significantly increased resistance

to liquefaction by obstructing the build-up of pore water pressure. This is significantly

more prominent after the first cycle has been applied. The subsequent cycles show a

slower build-up of pore water pressure, leading to a comparatively larger number of cycles

to initial liquefaction.

Figure 4.23: Comparison between the test results for the two different porous discs (cases I and

III): (a) q − p′ and (b) q − ε1 responses

To enable a comparison between the results for the two different sizes of porous disc, Fig.

4.23 shows the overlapped q−p′
and q− ε1 curves obtained for the two cases I and III. At

first glance, the large magnitude of reduction in p
′
for case III during the first half-cycle is

evident, where it goes down to 170 kPa against 179 kPa in case I. However, subsequently,

owing to mobilization of the frictional forces in subsequent cycles, the decrease in p
′

is
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hindered which is strongly characterized by the ever-decreasing rates of p
′

reduction for

subsequent cycles before initial liquefaction, while in case I the decrease in p
′
for subsequent

cycles is more or less equal. From the q−ε1 curve in Fig. 4.23b one can conclude that after

initial liquefaction, the axial strains induced by subsequent cycles are relatively smaller

for case III compared to case I.

3) Using the larger porous discs with filter paper (case IV)

Two filter papers were used in between to prevent direct contact between the sand and

the porous disc. The results are displayed in Fig. 4.24. The number of cycles to initiate

initial liquefaction was 30, which is still significantly higher than in case of the tests with

the smaller porous disc, but lower than for the larger porous discs without filter papers.

It seems that preventing direct contact between the rough porous discs and the sand

actually results in a reduced end friction, which in turn causes a slight reduction of the

liquefaction resistance.

Figure 4.24: (a) q − p′ and (b) q − ε1 responses of 2:1 KFS sample using the large porous disc

with a filter paper separating the sand from the disc (case IV)

To further illustrate this, a direct comparison between the reference case and the case

with a large porous disc with filter papers (cases I and IV) is performed in the q− p′
and

q−ε1 space in Fig. 4.25. Clearly, a similar observation as noted in the previous sub-section

is evident. The first half-cycle in case IV is similar to case III, where the sample shows

a strong tendency to contract resulting in a faster increase of the pore water pressure,

thereby causing a significant reduction in the p
′
, whereas the decrease in p

′
in the first

half-cycle was much smaller in the reference case I. In contrast, in all subsequent cycles

the rates of pore water pressure build-up were much smaller in case IV compared to case
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I. In a similar fashion, the deformations post initial liquefaction developed at a lower

rate for case IV. Using a filter paper preventing direct contact between the sand and

the disc helps in reducing the friction, however, friction is still larger than in the case of

smeared end plates, leading to a reduction in p
′

with increasing number of cycles which

is comparatively slower than in the reference case.

Figure 4.25: Comparison between the test results for the two different porous discs (cases I and

IV): (a) q − p′ and (b) q − ε1 responses

To summarize, the total numbers of cycles required to initiate initial liquefaction for the

various cases discussed are listed in Table 4.3. As mentioned previously, various standards

(ASTM or DIN) have only suggested using a filter disc equal in diameter to the sample,

but the reasoning behind that is unclear. As clearly pointed out in this study, such large

porous discs may result in an underestimation of the actual liquefaction susceptibility

of clean sands, which may lead to erroneous geotechnical designs of sub/superstructures

under earthquake conditions. Therefore, it is suggested to resort to cyclic liquefaction

testing of clean sands with a smaller porous disc so as not to over-estimate the liquefaction

resistance of soils in future. In addition, reporting the size of the disc is recommended for

future calibration and replicability of test results.

Therefore, owing to the larger frictional component yielded through the end platens with

a larger porous stone, all tests in this research were performed using the smaller porous

stone and smeared end plates. For the purpose of validation of the device, a second test

on a loose specimen with a relative density ID=27% was performed and the results were

compared with Wichtmann (2016).
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Table 4.3: Comparison of the number of cycles (Nc) to initial liquefaction (defined at p
′
=0 kPa)

for the various cases tested presently

Case Nc

I 18

I-S 16

I-M 20

II 16

III 39

IV 30

(ii) Observations - Scenario 2: p
′
0 = 200 kPa, CSR = 0.075

Fig. 4.26 shows the q − p′
and q − ε1 curves from the present experiment along with the

curves from Wichtmann (2016) (marked as TCUI1). Quite similar effective stress paths

and stress-strain relationships for both experiments can be concluded. The loose sample

did not show the formation of butterfly-shaped loops in the effective stress paths, since

the axial strain ε1 exceeded the chosen failure criterion of 10% in a single cycle after

initial liquefaction. For reaching initial liquefaction, the specimen in Wichtmann (2016)

(ID = 30%) required 72 cycles. The present specimen, with a post-consolidation relative

density of 27.1% took 71 cycles to liquefy showing that the results yielded by the adopted

device are in good agreement with those reported by Wichtmann (2016).

4.4.2 Calibration and validation of RC device

4.4.2.1 Torsional mode of vibration

The calibration and validation of the RC device for the torsional mode of vibration was

performed using different aluminum specimens (AL) of varying diameters (2, 4 and 6 cm)

and a height of 30 cm. Three methods were followed to determine the resonant frequency

of samples. In the first method, the AL samples were mounted in the RC device, and the

resonant frequency was determined. In the second method (so called theoretical method),

an approximation was made for the stiffness of AL samples (considered as 25 GPa) and the

actual stiffness was determined using Eqs. 4.1 and 4.2. In the third approach, finite element

simulations were used to determine the resonant frequency of the samples. Further details

of these three approaches may be found in Goudarzy (2015), and are not subsequently

discussed.
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Figure 4.26: Comparison of the q− p′ and q− ε1 curves of the tests of (a, b) Wichtmann (2016)

with (c, d) the present study

4.4.2.2 Axial mode of vibration

i) Validation with an aluminum sample

An aluminum specimen with 2 cm in diameter and 30 cm in height was used to control the

performance of the resonant column device for the axial mode of vibration. The aluminum

specimen was mounted in the RC device and the resonant frequency and consequently the

stiffness were determined under cell pressures of 0, 50, 100, 200, 300 and 400 kPa (Fig.

4.27). As can be seen in Figs. 4.28a and 4.28b, the resonant frequency for a cell pressure

of 0 kPa was about 608 Hz and then it slightly decreased with increasing cell pressure

till 100 kPa, which could be due to the compliance of contacts between the aluminum

specimen and top and bottom platens. Furthermore, considering the slenderness of the

sample, the results might be affected by the flexural mode of vibration, i.e. bending of

the specimen during axial vibration, due to the shape of the actuator and the size of the

specimen. However, the resonant frequency remains almost constant with further increase
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of cell pressure. The total mass of the actuator and top cap, ML, for the tests on the

aluminum sample is about 4.35 kg, which can be used to estimate stiffness from Eqs. 4.5.

Figure 4.28b shows the resulting stiffness of the aluminum specimen, E, as a function of

cell pressure. As Fig. 4.28b shows, the estimated E for the tested aluminum specimen

is about 63.80 GPa which matches well with previous experimental results (Lambe &

Whitman 1979; Cascante et al. 1998; Kumar & Madhusudhan 2011).

 

 

 

 

 

 

 
 

Figure 4.27: RC device with aluminium specimen and top part including the shakers

Damping of aluminum is very small, approximately zero, thus measured damping for the

aluminum specimen is related to the dissipation of energy in the device (damping of the

device). The same aluminum specimen was used to determine the damping of the device.

The bandwidth method was adopted to estimate the damping ratio for the vertical mode

of vibration. The current of 30 mV was applied as an amplitude to the shakers and

consequently to the actuator, while varying the excitation frequency. Fig. 4.29a shows the

amplitude ratio (receiver / excitation signal) versus frequency curve from this experiment.

The peak amplitude is observed at the resonant frequency, fr = 608 Hz. The normalized

amplitude at this point is 0.62. The frequencies of f1 and f2 in Eq. 4.7 (Richart et al.

1970) are frequencies at an amplitude amounting 70.7% of the peak, which is 0.44 in
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Figure 4.28: Effect of cell pressure on a) the resonant frequency and b) the stiffness, E of the

adopted aluminum specimen

this experiment. Therefore, by getting fr, f1, and f2 from this figure damping D can be

calculated, which is equal to 0.0098. Fig. 4.29b shows the effect of cell pressure on the

amplitude ratio-frequency curves for the adopted aluminum specimen. As can be seen, the

effect of cell pressure on the resonant frequency, f1, f2 and consequently damping ratio

(D) can be neglected.
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Figure 4.29: a) Bandwidth method to estimate damping ratio and resonant frequency from a

test on the aluminum sample; b) the effect of cell pressure on the amplitude-frequency curves

Figure 4.30 shows the effect of the vibration amplitude on the measured damping ratio for

the AL specimen. At very small strain ranges corresponding to a low vibration amplitude,

the damping ratio is higher than at intermediate strain levels. This could be due to the

effect of noises and near field conditions. However, this effect decreases with increasing the

vibration amplitude to 300 mV and will not change with further increase in the vibration
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Figure 4.30: The effect of the amplitude of vibration on the estimated damping ratio for alu-

minum specimen

amplitude. According to the observed results, two calibration lines can be defined for the

measured damping ratio using the adopted device (Figure 4.30).

ii) Validation with experiments on crushed and round glass beads

The crushed and round glass beads having a Cu = 5 were used in the experiments to

validate the device for the axial mode of vibration.

a) Experimental procedure

Specimens with diameter and height of 10 and 20 cm respectively were prepared using air

pluviation method. A vacuum of 50 kPa was applied to the sample through the bottom

platen to stabilize it during the assembling of the RC device (Figure 4.12b). The prepared

specimen was subsequently installed inside of the RC cell. Afterwards the actuator was

attached firmly to the top platen and all non-contact transducers were mounted to measure

the volume change of the specimen during experiments. After that, the plexiglass cylinder

was placed, the top cap of the RC device was mounted and fixed to its base by eight

rods, and cell pressure was increased to 50 kPa while vacuum was reduced to 0 kPa step

by step keeping a constant effective pressure of 50 kPa on the specimen. RC experiments

were conducted after consolidation of specimen for the target cell pressure.

The frequency was altered between a minimum and maximum value in a predefined do-

main in the prepared software LabV IEW . The amplitude of vibration was changed by

changing the frequency. It is to be noted that the mass of top cap and actuator, ML, for
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experiments on soil specimens is 5.229 kg. The recorded data (amplitude ratio - frequency)

are used to determine fr, axial strain corresponding to fr, and D. Fig. 4.11 shows an ex-

ample of the recorded data for a specimen of crushed glass with a relative density of 56%

under isotropic stresses of 100 and 400 kPa respectively. The frequency corresponding to

the peak amplitude is the fr and the D can be calculated using the bandwidth method

or other aforementioned methods.

b) Validation with piezoelectric compression elements

The first validation was done using piezoelectric compression elements that were installed

in the resonant column device. Compression wave velocity measurements were conducted

on the same sample before performing axial RC tests. A sinusoidal wave with a frequency

of 10 kHz was sent from the compression element in the bottom cap (sender), and the

signal was received by the compression element in the top cap (receiver) being aligned

in the same orientation. The first arrival or deflection method was adopted to detect the

travel time, tp (e.g. Yamashita et al. 2009). The height h of the sample and tp are used to

calculate the compression wave velocity of the sample as vp = h/tp. To ensure reliability

of results, regular calibration and validation of the adopted compression elements were

done with aluminum samples before performing the tests, which is documented in detail

in Goudarzy et al. (2016).

Compression modulus (M) was measured using compression elements, whereas the shear

modulus (G) was obtained using the torsional mode of excitation in the RC device

(Goudarzy & Wichtmann 2019). The Young’s modulus (E) was calculated from both

quantities using:

E =
G (3M − 4G)

M −G (4.10)

c) Validation with drained cyclic triaxial tests

Drained triaxial tests with high-cyclic loading were carried out on dense and medium

dense samples additionally to determine the small-strain Young’s modulus Emax for the

two materials under isotropic effective stresses of 100 and 200 kPa. The specimens were

prepared through air pluviation with the same dimensions as in the resonant column

device. After saturation following the procedure described in Section 4.3.2, consolidation

under the target effective stress values followed. Load cycles with a rather small deviatoric
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Figure 4.31: Stress-strain loop under drained cyclic loading. qampl and ε1,ampl denote the devi-

atoric stress and axial strain amplitudes during a cycle of loading. Edyn represents the dynamic

elastic modulus, qav and ε1,acc denote the average value of deviator stress (zero under initial

isotropic conditions before commencing cyclic loading) and accumulated axial strain respec-

tively.

stress amplitude of 10 kPa under a frequency of 1 Hz were then applied till 100000 cycles

were reached. The vertical deformation and volume changes were measured continuously

throughout the application of cyclic loading. From the data recorded using HP-VEE

software, the stress-strain loops were obtained at the end of 1, 100, 1000, 10000 and

100000 cycles (100 points for each cycle), and the Emax was subsequently calculated from

the slope of the stress-strain curves (refer to Fig. 4.31, denoted as Edyn there). For the

crushed glass, the vertical strain amplitudes (>10−5) were considerably larger than for

the glass beads, therefore, it was not possible to compare the results with the RC data,

where the measured strains were lower than 10−5.

Fig. 4.32 shows the results from the different devices in terms of Emax versus void ratio,

where a good agreement between the measured Emax values using the adopted devices is

evident, for both tested materials and both levels of effective stress.

The variation of the maximum Young’s modulus with increasing confining pressure and

void ratio derived from the RC tests in the axial mode of vibration is shown for both

materials in Fig. 4.33. The diagrams reveal the well-known decrease of modulus with

increasing void ratio and the increase with increasing mean effective stress. Two curves

of type kf(e), where the void ratio function f(e) is either from Eq. 2.22 (Hardin) or Eq.

2.24 (Jamiolkowski) and k is a fitting parameter, have been fitted to the experimental
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(a) 

 

(b) 

 

 Figure 4.32: Small-strain Young’s modulus Emax for specimens containing a) round glass par-

ticles or b) crushed glass particles using either the RC device in the axial mode of vibration, or

compression elements (CP) or drained cyclic triaxial tests. The dashed and solid lines represent

the void ratio functions of Hardin & Black (1966) and Jamiolkowski et al. (1991) respectively.

data to get the maximum R2. Table 4.4 shows the values of c and d in Eqs. 2.22 or 2.24

respectively.

Table 4.4: Summary of the fitting parameters of Eqs. 2.22 and 2.24 to characterize Emax

Crushed glass Round glass

p
′
[kPa] ki di p

′
[kPa] ki di

50 82 0.63 50 62 1.05

100 116 0.62 100 112 0.88

200 151 0.58 200 190 0.65

400 220 0.50 400 225 0.80

d n A d n A

Average 0.58 0.43 113.67 Average 0.85 0.46 155.10

Emax was normalized with respect to f(e), where f(e) was taken from Eq. 2.24 and the

averaged value from Table 4.4 was considered for d. The normalized Emax is drawn with

respect to the normalized mean effective stress p
′
/pa, with atmospheric pressure pa=100

kPa, in Figs. 4.34a and 4.34b. The parameters A and n in Eq. 2.21 were determined

using power regression of the data shown in Fig. 4.34. Table 4.4 summarizes the fitting

parameters of Eq. 2.21 for specimens of round and crushed glass particles. As evident,

parameters d, A, and n for round glass particles are higher than those for the crushed
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Figure 4.33: The effect of void ratio and mean effective stress on maximum Young’s modulus,

Emax of: a) specimens containing crushed glass and b) specimens containing round glass particles.

Solid lines denote kf(e) curves, where f(e) is from Eq. 2.24, and dashed lines are kf(e) curves,

where f(e) is from Eq. 2.22

particles. Considering the same grain size distribution, this difference can be attributed

to the particle shape.
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Figure 4.34: Normalized Emax with respect to the normalized p
′
: a) specimens containing

crushed glass and b) specimens containing round glass particles

d) Intermediate strain properties E(ε) and D(ε)

RC experiments were conducted to assess the axial dynamic characteristics of the adopted

round and crushed glass particles at small to intermediate strain levels. The experiments

were performed on samples of dry materials having different relative densities and the
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sweep time was 5 sec, which will apply around 200-300 cycles on the specimen. The

excitation amplitude was successively increased. The modulus for each strain amplitude

was calculated using Eq. 4.5 and the strain level was estimated using Eq. 4.6.

i) Effect of grain shape

The effect of the shape of the particles on E/Emax−ε1 and D−ε1 curves is analyzed based

on Figs. 4.35 and 4.36. Fig. 4.35a shows that the E/Emax−ε curves of specimens containing

crushed glass particles are located slightly above those of the specimens containing round

glass particles. Furthermore, the strain level at which the modulus starts to decrease in

round glass specimens is less than the corresponding value for crushed glass. Fig. 4.35b

presents the E/Emax values at three different strain levels, 5×10−6, 5×10−5, and 1×10−4

versus the shape factor ρ, which is 0.45 for the crushed glass and 0.90 for the round glass

beads. For each strain level, E/Emax for round glass is less than for crushed glass.

Fig. 4.36a shows that the damping ratio for the axial mode of vibration is lower for the

specimens containing crushed glass particles than for the specimens composed of round

glass particles. Fig. 4.36b plots the damping ratio for three different strain levels, 5×10−6,

5× 10−5, and 1× 10−4 versus the shape factor. For each strain level, damping ratio in the

specimen containing round glass is found higher than in the specimen of crushed glass.
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Figure 4.35: a) Effect of shape of particles on E/Emax − ε1 curves and b) E/Emax versus

regularity factor ρ - the average of roundness and circle-ratio sphericity, for three different strain

levels
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Figure 4.36: a) Effect of shape of particles on D − ε1 curves, and b) D versus regularity factor

ρ for three different strain levels

ii) Effect of density and mean effective stress

The experiments were designed to assess the effect of vertical strain level, density, and

mean effective stress on the axial dynamic characteristics of the adopted materials. Fig.

4.37 shows the effect of the density on the E−ε1 curves of the crushed glass specimens sub-

jected to 100 kPa (Fig. 4.37a) and 400 kPa (Fig. 4.37b) mean effective stress. As expected,

modulus decreases with increasing void ratio and increases with increasing pressure. The

data also show the significant decrease of E with increasing vertical strain amplitude at

strains ε > 10−5. Fig. 4.38a presents the normalized modulus E/Emax with respect to

the vertical strain, ε, in the specimens containing crushed glass particles subjected to 100

and 400 kPa cell pressure. These data demonstrate that the E/Emax− ε1 curves are inde-

pendent of the density of the specimen, while showing a significant effect of the isotropic

stress on E/Emax − ε curves. Evidently, the modulus degradation is faster for lower pres-

sures. The effect of density and mean effective stress on damping ratio is also shown in

Fig. 4.38b. As can be seen, the damping ratio is also independent of the density of the

specimen while it decreases significantly with increasing mean effective stress. Interest-

ingly the minimum damping ratio is almost independent of the mean effective stress. The

same tendencies were also observed for the specimens containing round glass particles. As

can be seen in Fig. 4.39a and 4.39b, the experimental data confirm the significant effect

of the vertical strain and the negligible effect of the density.

Similar to Eq. 2.30 describing the variation of G/Gmax against γ, Eq. 4.11 is employed to

capture the variation of E/Emax against axial strain ε1:
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Figure 4.37: Young’s modulus E versus axial strain ε1 for the specimens containing crushed

glass particles of different densities and subjected to the mean effective stress of: a) 100 kPa and

b) 400 kPa

E

Emax
=

1

1 +
(
ε1
εr

)α (4.11)

εr denotes the reference axial strain which corresponds to the value of the axial strain at

E/Emax = 0.50, where as α is a fitting parameter. The solid and dashed lines in Figure

4.35a show the fitted curves in form of Eq. 4.11. The fitting parameters of the equation

are shown in Table 4.4. The results show the significant effect of the mean effective stress

on the reference vertical strain.

Eq. 2.34 to describe the damping ratio in specimens subjected to torsional shear strain

was also adopted to characterize the damping in specimens subjected to the axial mode

of vibration, yielding the D − ε1 curve using:

D(ε1)

Dmin

= Γ
( ε1

εr

1 + ε1
εr

)Ω

+ 1 (4.12)

where, Γ and Ω are the fitting parameters. The solid and dashed lines in Fig. 4.36a show

the fitted curves in form of Eq. 4.12 to the experimental data. The fitting parameters used

are shown in Table 4.4. As evident, the reference axial strain and minimum damping ratio

in specimens containing crushed glass particles are higher than for specimens containing

round glass particles.
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Figure 4.38: Effect of strain level and density on: a) E/Emax − ε1 curves and b) D − ε1 curves

for the specimens containing crushed glass beads
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Figure 4.39: Effect of strain level and density on: a) E/Emax − ε1 curves and b) D − ε1 curves

in the specimen containing round glass beads

iii) Comparing present test results with Saxena & Reddy (1989)

Saxena & Reddy (1989) conducted a series of tests using the Drnevich longitudinal and

torsional resonant column device on Monterey No. 0 sand. They tested samples with

relative densities of 25, 40, 60, and 80% under isotropic pressures between 50 and 588

kPa. The open points in Figs. 4.40 show the E/Emax − ε1 (calculated from E − ε1 curves

in Saxena & Reddy 1989) and D−ε1 curves respectively. The solid lines in Figs. 4.40 show

the upper and lower bounds that can be defined for their experimental data using Eqs.

4.11 and 4.12. The experimental data from the current study on crushed glass particles

under cell pressures of 100 and 400 kPa (solid gray points) have been compared with their

data. The visible differences might be due to the effect of the shape of particles as the
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Figure 4.40: a) E/Emax − ε1 curves and b) D − ε1 curves from Saxena & Reddy (1989) (open

points) in comparison with the data for crushed glass from current study (solid gray points)

crushed particles are more angular compared to the natural Monetery No. 0 sand, or due

to differences in the uniformity coefficient of the adopted soils, where Monterey No. 0

sand has Cu=1.25 while the crushed glass material has Cu=5.

4.5 Summary

In this chapter, an introduction into the various devices used in the scope of the present

research is given. In addition, various calibration tests were performed to check the perfor-

mance of the devices and ensure the accuracy of the test results. In addition, the usage of

porous discs of larger diameter was found to increase the frictional resistance during cyclic

undrained triaxial tests on Karlsruhe fine sand leading to a higher number of cycles to

initial liquefaction. Therefore, in all further test series performed in the framework of this

research, a smaller porous disc and smeared end plates were employed. For the RC tests,

a new device to assess the dynamic properties of soils under axial mode of vibration was

introduced and the results were validated with several independent test results using alu-

minum specimens, measurements of compression wave velocity by means of piezoelectric

elements, and high-cyclic drained triaxial tests as well as results from existing literature.





5 Static and cyclic behavior of granular

soils: effect of particle characteristics

5.1 Introduction

This chapter introduces the experimental program of static/monotonic and cyclic triaxial

tests that were carried out to investigate the influence of the particle characteristics on

various engineering properties of granular materials under monotonic and cyclic loading

conditions. The results of the experiments are shown and thoroughly analyzed. The chap-

ter is divided into two parts: the first part deals with the monotonic tests, while the second

part is dedicated to the cyclic undrained tests. Furthermore, based on the results, a com-

prehensive discussion based on micro-mechanics of granular materials (further details of

micro-mechanical behavior is also facilitated in a later chapter) and critical/steady state

soil mechanics is also provided.

5.2 Direct shear tests

5.2.1 Schedule of the direct shear tests

Table 5.1 lists the details of the experiments conducted through the direct shear device.

The tests were restricted to the well-graded materials (i.e. Cu = 5) of angular glass, sub-

angular sand and round glass beads. Each material was tested in a loose (relative density

ID = 0.234 - 0.338) and a dense state (ID = 0.785 - 0.811). All tests were performed with

a vertical stress of 50 kPa and a horizontal displacement rate of 0.244 mm/min.

133
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Table 5.1: Details of the direct shear tests performed on two densities of the well-graded mate-

rials having a Cu = 5

Material ID (-) Vertical stress, σ (kPa) Shear strength τ (kPa) φp (◦)

Crushed glass 0.338 50 41.1 39.36

0.795 50 49.36 44.57

Rhein sand 0.234 50 33.55 33.80

0.785 50 34.49 34.54

Round glass 0.317 50 20.08 21.84

0.811 50 20.20 21.96

5.2.2 Results of direct shear tests

Fig. 5.1 shows the development of shear stress with horizontal displacement for the loose

and the dense samples. Evidently, the crushed glass shows a higher strength than the

natural sand, while the by far lowest strength is observed for the glass beads. Therefore,

shear strength increases with increasing angularity of the particles, due to a better inter-

locking and prevented rolling of adjacent particles. Besides, the unevenness of the curves

for crushed glass may be caused by rearrangements of particles during shearing.

The peak shear stresses and the peak friction angles obtained from all direct shear tests

are listed in Table 5.1. The angular material shows the maximum shear strength for both

tested densities while the glass beads show the least. In terms of the peak friction angle,

a similar trend is seen, where with higher angularity, larger friction angles are evident.

Additionally, the friction angle increases with an increase in the relative density. It is

interesting that for crushed glass, the peak friction angle increases by over 5◦ for a change

in density from 0.338 to 0.795, while this increase is least for the glass beads, where

practically similar peak friction angles can be noted.

5.3 Monotonic triaxial tests

5.3.1 Schedule of the monotonic triaxial tests

To capture the influence of grain shape on the monotonic triaxial test results, the three

materials - crushed glass, Rhein sand and round glass beads with Cu=5 were tested. Table

5.2 states the type of test (consolidated drained - CD or consolidated undrained - CU),

intial relative density, peak and steady state friction angles along with the dilation angles.
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(a) 

 

(b) 

 

 
Figure 5.1: Results of the direct shear tests on the three materials with different densities: (a)

loose, and (b) dense specimens

Four different effective confining stresses (p
′
0= 50, 80, 150 and 300 kPa) were tested in

both drained and undrained conditions. Overall, 16 consolidated undrained (CU) and 5

consolidated drained (CD) triaxial tests were conducted on the adopted granular materials

with initial relative densities ranging between 0.234 and 1.27. Table 5.3 lists the details of

all the tests that were carried out in this experimental program, including the initial void

ratio ei, void ratio after consolidation e0 and the steady state void ratio ecs as well as the

confining stress at steady state p
′
ss. The tests were carried forward till an axial strain of

25%. As was pointed out before, axial strains beyond this value were not possible due to

the limitation of the device.

5.3.2 Consolidated drained triaxial tests

For the sake of simplicity, loose specimens were considered as samples having ID ≤ 0.451,

0.280 and 0.341 for crushed glass, Rhein sand and round glass respectively. The other

samples with ID ≥ 0.752, 0.781 and 1.170 for the crushed glass, Rhein sand and round

glass are considered dense. The adopted legend throughout the current study shows the

name of material, applied effective stress and relative density of the specimen. In addition,

for drained cases, the abbreviation ‘Dr’ has been added whereas the same is omitted for

undrained cases. For example, “CG-50-0.338-Dr” denotes a test on crushed glass under an
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Table 5.2: Test type, initial mean effective stress p′0 and relative densities (ID) of the monotonic

triaxial tests, along with the peak and critical friction angles and the dilation angle derived from

the test data

Material Test type p
′
0 ID (-) φp (◦) φcs (◦) ψ (◦)

CD 50 0.338 37.6 33.68 7.84

CU 80 0.386 39.2 34.93 8.54

CU 80 0.824 45 34.71 20.57

Crushed glass CU 150 0.451 40.2 35.68 9.05

CU 300 0.347 37.9 35.94 3.91

CU 300 0.438 38.2 34.86 6.68

CU 300 0.752 44 36.77 14.46

CD 50 0.234 29.8 3.42 28.09

CD 80 0.252 33.3 31.63 3.35

CU 80 0.280 32.9 30.64 4.52

Rhein sand CU 80 0.818 37.1 26.88 20.44

CU 150 0.250 32.6 31.58 2.04

CU 150 0.781 35.7 26.92 17.57

CU 300 0.900 38.4 29.68 17.44

CD 50 0.317 24.7 21.20 7.00

CD 80 0.256 24.4 22.64 3.52

CU 80 0.323 24.5 21.39 6.22

Round glass CU 80 1.270 36.2 21.92 28.55

CU 150 0.341 23.5 20.78 5.44

CU 150 1.215 35.8 23.05 25.49

CU 300 1.170 32.1 21.08 22.05

effective initial stress (p
′
0) of 50 kPa, having a relative density of 0.338 and under drained

conditions.

Figs. 5.2 and 5.3 compare the drained responses, i.e. deviatoric stress versus axial strain,

q−ε1 and volumetric strain versus axial strain, εv−ε1 of the three materials with different

grain shape and Cu = 5 under an effective confining stress of 50 kPa. All samples had a

loose initial state. As can be seen from Fig. 5.2(a), the maximum deviatoric stress reached

in the tests increases significantly with increasing angularity of the material. For crushed

glass, qpeak is noted at 197 kPa, whereas the same is found to be 125 kPa and 71 kPa for

Rhein sand and round glass beads respectively. After the peak all samples show a slight

softening, which is somewhat more pronounced for the more angular materials. Fig. 5.2(b)
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Table 5.3: Details of the tests conducted through the monotonic triaxial device

Material Nomenclature ei e0 p
′
0(kPa) ecs p

′
ss(kPa) Test type

CG-50-0.338-Dr 0.852 0.850 50.7 0.839 116.1 CD

CG-80-0.386 0.827 0.822 78.7 0.821 149.2 CU

CG-80-0.824 0.595 0.593 77.8 0.592 725.0 CU

Crushed glass CG-150-0.451 0.792 0.781 147.2 0.779 270.4 CU

CG-300-0.347 0.847 0.815 295.9 0.813 297.9 CU

CG-300-0.438 0.799 0.773 298.3 0.772 299.7 CU

CG-300-0.752 0.633 0.619 297.9 0.616 853.0 CU

Rhein-50-0.234-Dr 0.747 0.746 49.2 0.751 89.6 CD

Rhein-80-0.252-Dr 0.741 0.737 79.4 0.748 141.9 CD

Rhein-80-0.28 0.731 0.727 78.9 0.725 120.5 CU

Rhein sand Rhein-80-0.818 0.538 0.536 79.0 0.535 644.0 CU

Rhein-150-0.25 0.742 0.728 149.0 0.726 151.5 CU

Rhein-150-0.781 0.551 0.546 149.5 0.545 773.8 CU

Rhein-300-0.90 0.508 0.500 298.7 0.499 1139.0 CU

RG-50-0.317-Dr 0.485 0.485 49.1 0.466 74.4 CD

RG-80-0.256-Dr 0.495 0.492 82.2 0.470 118.7 CD

RG-80-0.323 0.484 0.482 77.9 0.481 345.3 CU

Round glass RG-80-1.27 0.340 0.339 78.9 0.339 663.7 CU

RG-150-0.341 0.482 0.476 148.6 0.476 303.6 CU

RG-150-1.215 0.348 0.336 145.0 0.336 804.0 CU

RG-300-1.17 0.354 0.349 293.8 0.349 929.0 CU

shows the difference in the initial stress-strain behavior of the three materials till a strain

level of 1% along with the respective secant moduli E50, which are calculated as the 50%

of the maximum deviator stress divided by the corresponding axial strain. The crushed

glass and the round glass show the same slope of the stress-strain curve at very low strain

levels, which is steeper than that measured for the Rhein sand. Since the sample of glass

beads reaches its maximum deviatoric stress at much lower axial strains, this results in a

much larger value of E50, followed by the E50 values of crushed glass and Rhein sand.The

observed stress-strain behaviour may be explained from a micro-mechanical perspective,

where due to the lack of surface texture in round glass beads, rolling motion dominates

soon after the application of a deviator stress. At higher strain levels, this culminates

in the form of a stick-slip behavior as evident in the q − ε1 curve in Fig 5.2a. For the

crushed glass, due to high interlocking between individual particles, the rolling motion is
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hindered and sliding motion predominates which results in a higher deviatoric stress with

increasing axial strain. The sub-angular material Rhein sand lies somewhere in between.

(a) 

 

(b) 

 
 

Figure 5.2: Comparison between the drained responses of the three materials under an effective

confining stress of 50 kPa: (a) q − ε1, (b) q − ε1 magnified for a low strain level till 1%

(a) 

 

(b) 

 
 

Figure 5.3: Comparison between the drained responses of the three materials under an effective

confining stress of 50 kPa: (a) εv − ε1, (b) εv − ε1 magnified for a low strain level till 1%

The development of volumetric strain versus axial strain is shown in Fig. 5.3(a), with a

zoomed image till an axial strain of 1% in Fig. 5.3(b). All the materials initially undergo
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densification, which is denoted by a negative volumetric strain. However, for round beads,

the initial densification is much smaller than for crushed glass or Rhein sand. Furthermore,

for round glass dilation already starts at very small axial strain levels of about 0.2%, while

the volume change tendency reverses at about 3.5% and 6% for crushed glass and natural

sand, respectively. The lower volume change of the glass beads can be inferred from the

low difference between the maximum and minimum void ratios (emax − emin = 0.15) as

compared to the crushed glass (emax− emin = 0.53) and Rhein sand (emax− emin = 0.36).

Due to easy rolling motion in glass beads, the process of densification reverses to dilatancy

much faster than in case of the other materials. For all three materials after completion

of initial densification, a dilative behavior is encountered which continues throughout the

remaining of the test thus yielding less negative (Rhein sand) or even positive volumetric

strain values (round and crushed glass) at the end of the test. The absolute values of

volume change are also partially influenced by the slightly different relative densities,

which were 0.317 for round glass beads, 0.234 for natural sand and 0.338 for crushed

glass.

Considering the characteristic state of the materials (a feature of drained triaxial testing

where the rate of volume change is zero), Lade & Ibsen (1997) and Nguyen et al. (2018)

stated that for a loose sand, the characteristic state may be considered to be attained at

the steady state. In the tests, it was assumed that the steady state has been reached at an

axial strain of 25% purely based on the limitation of the displacement transducer used,

however, a more valid assumption would be to observe when the volumetric strain also

remains constant at larger strains (for both loose and dense specimens). From Figs. 5.3(a

and b), the rate of volumetric stain attains zero value for the first time at 3.5%, 6% and

0.2% axial strain, corresponding to deviator stresses in Fig. 5.2(a) of 168 kPa, 115 kPa and

43 kPa for crushed glass, Rhein sand and round glass beads respectively. It was seen that

in the range 20% ≤ ε1 ≤ 25%, the crushed glass shows the maximum rate of change of

volumetric strain with the glass beads showing the minimum (see Fig. 5.3a) although the

volumetric strain never became constant even at an axial strain of 25% (pointing out that

the steady state was not fully reached at ε1 = 25%). This observation clearly shows the

significant effect of particle angularity on the characteristic state of drained triaxial tests.

The positive volumetric strain at the end of the test may be explained by the crushed

glass having a slightly higher density compared to Rhein sand. For the Rhein sand, the

material being in a comparatively looser configuration (ID=0.234) than the crushed glass,

the dilative behavior is observed later on during the test.
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As previously mentioned, the stick-slip behavior is encountered for all samples of the

round glass beads under triaxial compression. For crushed glass and Rhein sand such a

phenomenon is not observed due to high interlocking between individual particles caused

by surface roughness and angularity eventually resulting in a resistance against slippage.

5.3.3 Consolidated undrained triaxial tests

Fig. 5.4 shows the results from all undrained tests in terms of the effective stress path

(q − p
′
) and the development of pore water pressure with axial strain (u − ε1) which

are further discussed in the following subsections, concentrating on two extreme cases of

regularity, i.e. crushed and round glass.

5.3.3.1 Effect of relative density

Fig. 5.5 shows the q − ε1 and q − p′
curves for the two materials under various relative

densities but subject to an initial effective stress of 80 kPa. The loose specimen of crushed

glass in Fig. 5.5(a) and (b) initially shows a slight decrease in p
′

followed by a re-increase

with further increase in axial strain. There is no distinct quasi-steady state, instead a PT

point is passed. Such PT is hardly encountered for the round glass beads, where the sample

shows a dilatant tendency from the beginning (Fig. 5.5b and d). For both materials, at a

certain axial strain higher values of q are achieved in dense specimens compared to loose

ones as evident from Figs. 5.5(a) and (c). Interestingly, a strain-softening behavior is very

prominent for dense round glass beads soon after reaching peak deviator stress, which

occurs at a much larger strain for crushed glass.

One possible reason for the strong softening observed for dense round glass beads, be-

coming visible also as large kinks in the effective stress paths (Fig. 5.5d), is that the pore

pressure dros and reaches negative values pretty fast. One recommendation could be to

perform future tests with a larger back pressure to avoid this issue. Due to the continuous

deformation of the specimen coupled with a high degree of surface smoothness present in

round glass beads, the particles slide over each other, continuously dilating and contract-

ing, thus creating a pronounced ‘stick-slip’ behavior throughout the entire duration of

the test (Hayman et al. 2011; Doanh et al. 2013; Tordesillas et al. 2010; Tordesillas et al.

2014). In other words, the glass beads are close to attaining the steady state after which

there is a sudden contraction causing the large drop. This is again followed by a dilation

phase after which the above process is repeated throughout the duration of the test. In
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Figure 5.4: Comparison between the undrained monotonic responses for the materials under

investigation for all specimens with various relative densities (loose and dense configurations

respectively): (a) and (c) effective stress path q− p′ , and (b) and (d) pore water pressure versus

axial strain u− ε1

the current set of triaxial experiments, most of the results from round glass beads show

this characteristic behavior. Owing to the limitation of the device, it was not possible

to go beyond axial strains of 25%. Therefore, the steady state has been assumed to be

reached at the maximum value of strain recorded in the test. It is interesting to note that

the inclination of the effective stress path up to the maximum deviatoric stress depends

strongly on the density in case of the glass beads, while this dependence is much less

pronounced in case of the crushed glass.
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Figure 5.5: Comparison between the responses obtained from loose or dense samples of crushed

and round glass beads under constant initial effective stresses: (a) q− ε1 , (b) q− p′ for crushed

glass, and (c) q − ε1, and (d) q − p′ for round glass beads respectively

5.3.3.2 Effect of effective stress

Tests on the two extreme materials with a loose relative density but under different

confining stresses are compared in Fig. 5.6. It is interesting to note that prominent PT

points are observed for crushed glass (see Figs. 5.6a and b), which are completely absent for

the round glass beads (Figs. 5.6c and d). The round glass beads show a dilating tendency,

leading to an increase of mean effective stress, from the beginning of the shearing. The

steady state line in the q− p′ plane has a similar slope under various confining stresses as
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can be concluded from Figs. 5.6(b) and (d). From the tests on round glass beads, despite

the significant fluctuation of the deviatoric stress, it can be concluded that the steady

state is achieved at about 10% axial strain. However, for crushed glass, the deviatoric

stress increases with further increase in the axial strain and the steady state is assumed

to be reached at the strain level of 25%.

Figure 5.6: Comparison between the responses obtained from experiments on crushed and round

glass beads under similar densities: (a) q − ε1, (b) q − p′ for crushed glass, and (c) q − ε1, and

(d) q − p′ for round glass beads respectively
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5.3.3.3 Effect of particle shape

Fig. 5.7 facilitates a comparison between three specimens with similar boundary conditions

but different particle shape. All samples were dense and sheared from an initial effective

stress of 80 kPa. From Fig. 5.7(a), it can be clearly seen that in the initial stage of the test

the deviatoric stress increases much faster with increasing axial strain for the round glass

beads than for the two more angular materials, i.e. the stiffness increases with increasing

roundness or regularity, respectively. In contrast, the maximum deviatoric stress reached

during shearing and the inclination of the steady or critical state line in the q − p′ plane

increase with increasing angularity of the granular material (Fig. 5.7b).

Figure 5.7: Comparison between the responses of the three materials under same initial effective

stress and similar densities: (a) q − ε1, and (b) q − p′

Before and after the completion of the whole testing program, the particle size distribution

was determined for the crushed glass and the natural sand. As shown in Fig. 5.8, no

significant particle breakage was observed. It is to be noted that particle crushing in

round glass beads was not expected and not examined as the range of stresses under

which the specimens was tested were much lower than the crushing strength of glass,

which was reported to be 10 MPa by Wu et al. (2016). It can be concluded that the

mechanical behaviour of the different materials studied in this thesis is not significantly

influenced by particle breakage effects.
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(a) 

 

(b) 

 

 

Figure 5.8: Initial and final particle size distributions, determined before and after the whole

experimental program was completed

5.3.4 Examination of the effects of rubber (latex) membrane

Several literatures (Kiekbusch & Schuppener 1977; Baldi & Nova 1984) in the past have

indicated significant effects of membrane on the results of monotonic triaxial tests. In

general, the presence of a membrane has two most notable effects on triaxial test results:

membrane penetration and membrane resistance. Membrane penetration occurs due to

pressing of the membrane into the voids between the individual soil grains at the boundary

of the sample, thereby giving rise to a non-homogenous specimen surface (Fig. 5.9a).

Membrane penetration changes with changes in the effective stress acting as pressure

difference on the membrane. Such change of effective stress occurs e.g. in drained tests

due to an increase of cell pressure, and in undrained tests, due to a change of pore water

pressure. Membrane penetration can lead to a falsification of the measured volume changes

in drained tests. In undrained cyclic tests the delay in pore water pressure build-up caused

by membrane penetration can lead to an overestimation of the liquefaction resistance. This

effect becomes more prominent with increasing grain size (Fig. 5.9b), and decreases with

an increase in the thickness and elastic modulus of the membrane as well as the sample

diameter. For drained conditions this effect is calculated in terms of the volumetric strain

change, and can be expressed as Eq. 5.1 (after Baldi & Nova 1984):



146 5 Static and cyclic behavior of granular soils: effect of particle characteristics

(a) (b)

Figure 5.9: (a) Membrane penetration - pressing of the membrane into the voids between the

grains due to an increase of the effective lateral stress σ
′
3 (after Wichtmann 2005); (b) Comparison

of relationships for normalized membrane penetration (ratio of unit membrane penetration ∆vm

to the mean confining pressure σ
′
3) versus mean grain size d50 (after Baldi & Nova 1984)

∆Vm
V0

=
1

2

d50

Ds

[ σ′
3 d50

Em tm

]1/3

(5.1)

∆Vm denotes the change in volume (measured in mm3), V0 is the initial volume after

consolidation (mm3), d50 denotes the mean grain size (mm), Ds is the diameter of the

specimen (mm), σ
′
3 is the effective confining stress (kPa), Em is the elastic modulus of

the membrane (generally considered as 1350 kPa in Omar & Sadrekarimi 2014), and tm

is the thickness of the membrane (mm). Using the parameters from the current set of

experiments (d50 = 0.45 mm, Ds = 100 mm, tm = 0.7 mm), for the highest confining

stress σ
′
3 = 300 kPa, the volumetric strain due to membrane penetration is 0.0012 or

0.12% which is very small. It can be concluded that the effects of membrane penetration

can be considered negligible for the materials studied in this thesis.

The second problem occurs due to the membrane carrying a part of the load applied in the

vertical direction on the specimen. This effect can be particularly significant in measuring

the reduced shear strength su of loose soils after strain softening and liquefaction (Omar &

Sadrekarimi 2014). To correct this effect when analyzing data from consolidated drained

triaxial tests, ASTM-D7181 (20) suggests Eq. 5.2 to calculate the deviatoric stress (δq)

carried by the membrane:

δq = 4× Em tm ε1
Dc

(5.2)
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Em (kPa) is the Young’s modulus of the membrane material, tm (mm) is the thickness of

the membrane, and Dc (mm) is the specimen diameter after consolidation. As apparent,

membrane resistance increases with increase in the axial strain ε1. For the current set of

drained tests, considering the critical case of a loose specimen (ID=0.386) of crushed glass

(CG) under a low effective stress of 80 kPa, the curves of deviatoric stress q versus axial

strain with and without considering the effect of membrane resistance are compared in

Fig. 5.10. The maximum q with correction for membrane resistance is 230 kPa, whereas

the difference δq at ε1=25% is around 9.4 kPa, which is less than the specified 5% limit as

suggested by ASTM-D7181 (20). Therefore, the effect of membrane resistance is deemed

minimal, and hence can be safely ignored for the other non-critical cases.
(a) 

 

(b) 

 

 
Figure 5.10: Effect of membrane resistance on the stress-strain relationship measured in drained

monotonic tests on loose crushed glass at σ
′
3 = 80 kPa

5.3.5 Discussion & interpretation within the framework of

critical-state soil mechanics

5.3.5.1 Effect of particle characteristics on the slope M

Fig. 5.11 shows the variation of the slope M , i.e. the stress ratio at the steady state in

a q − p′
diagram, derived from the effective stress paths measured for the three different

materials. It can be noticed that the crushed glass (CG) and the Rhein sand show unique
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M values of 1.70 and 1.32, respectively, which are independent of density. The difference

in the values is in accordance with the results from Yang & Luo (2015), Jiang et al. (2018)

and Nguyen et al. (2020a) where angular particles had a higher M value. However, for the

round glass beads, two different M values are visible instead of a unique one: the loose

specimens with M= 0.94 and the dense samples with M= 1.34 (also shown in Fig. 5.11c).

This may be due to the characteristic features of the glass beads which have a high degree

of smoothness that culminated in the ‘stick-slip’ behavior. The existence of two different

M values for the same material is indeed surprising. One related study regarding this

issue may be found in Olarte (2008), who performed DEM simulations and biaxial tests

with polygonal particles, and showed that for the particles exhibiting stick-slip motion,

the slope of the critical state line observed was about 0.9, which is close to that of the

loose specimens in the present study. Since they did not use any round materials like glass

beads, it was not possible to explicitly confirm the M value for round glass beads.

Figure 5.11: M values obtained for the various materials from the effective stress paths measured

in the undrained monotonic triaxial tests

5.3.5.2 Effect of confining pressure on the peak friction angle (φp)

In this study, the peak friction angle mobilized throughout the drained / undrained tests

is obtained using the relationship between the friction angle and the slope M :

φp = sin−1

(
3M

6 +M

)
(5.3)

In case of the drained tests Eq. 5.3 is evaluated with the maximum M value reached

during the tests, while for undrained tests the inclinations of the effective stress paths
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shown in Fig. 5.11 are used. The values are summarized in Table 5.2. The peak friction

angles plotted against the initial effective mean stress are shown in Fig. 5.12. Data for

loose and dense samples are plotted separately. One may note that the φp values from

drained tests are slightly lower than those from undrained tests (Table 5.2). However,

the drained tests were carried out particularly on loose samples. Evidently, there exists

no clear tendency regarding the variation of peak friction angle with the initial effective

mean stress although one may note a slight decrease with increasing p′0 especially for the

dense specimens. This is in agreement with Hammad (1991) and Sadrekarimi & Olson

(2011) both of which reported a similar observation.

(a) 

 

(b) 

 
 

Figure 5.12: Variation of the peak friction angles (φp) with the initial effective stress (p
′
0) for

the three different materials: (a) loose specimens (ID ≤ 0.451), and (b) dense specimens only

(ID > 0.451)

5.3.5.3 Effect of particle characteristics on the peak friction angle (φp)

Based on the concept of regularity, an attempt was made to relate particle shape with

the peak friction angle. The parameters describing grain size and distribution (such as

the uniformity coefficient and mean grain size) for the basis of comparison were the same

throughout. Plots of the peak friction angle against the regularity are provided in Figs.

5.13a and 5.13b for two cases: (a) undrained tests with same initial mean effective stress

(80 kPa) but varying relative densities, and (b) drained and undrained tests with an

initial mean effective stress of 50 and 300 kPa and with extreme (loose and dense) relative
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densities. In Fig. 5.13a the lower points correspond to loose samples, while the higher ones

result from the dense samples. The comparatively high value of φp in Fig. 5.13(a) for dense

glass beads may be explained by the relative density of the specimen being higher than for

the other two dense specimens. A steady decrease in the friction angle with an increasing

regularity is evident from both diagrams in Fig. 5.13, which is similar to the observation

made by Cho et al. (2006). The following equations describe this tendency, where it is

distinguished between the two confining pressures 50 and 300 kPa:

φp,300 = A · f(ρ) = A1 · ρk1 = A1 · ρ−0.454 (5.4a)

φp,50 = A · f(ρ) = A2 · ρk2 = A2 · ρ−0.597 (5.4b)

(a) 

 

(b) 

 

 
Figure 5.13: Variation of the peak friction angle (φp) of the three materials against the regularity

(ρ) for loose and dense samples from (a) undrained tests under same confining effective stress

(80 kPa), and (b) both drained (loose samples) and undrained (dense samples) tests with the

maximum and minimum confining stresses (50 and 300 kPa) used for current experiments

The parameter A is a fitting parameter which solely depends on the relative density of the

material. For the present case, an average value of the exponent k was chosen considering

the maximum and minimum densities and the highest and the lowest effective stresses

applied. The average value of k for the current set of experimental data is determined

to be −0.526. To determine the effect of relative density, the peak friction angle was
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normalized with respect to the regularity, i.e. divided by the function f(ρ) given in Eqs.

5.4, and plotted against the relative density (ID) of the samples compared in Fig. 5.13b,

resulting in the diagram shown in Fig. 5.14(a). Considering all the triaxial experiments,

the effect of relative density (ID ≥ 0.2) on peak friction angle is shown in Fig. 5.14b.

(a) 

 

(b) 

 
 

Figure 5.14: Relation between the normalized peak friction angle and the relative density: (a)

formulation with selected data from Fig.5.13b, and (b) validation with all current experimental

data

As evident, an increase in the normalized friction angle with an increase in the relative

density was encountered, which is in good agreement with the observations of Bolton

(1986). The normalized data can be fitted by the following equation (Eq. 5.5):

φp
f(ρ)

= B f(ID) = B ImD = 29.90 I 0.1905
D (5.5)

The final expression describing the combined influence of grain shape and relative density

on the peak friction angle therefore reads:

φp = f(ρ) f(ID) = 29.90 ρ−0.526 I 0.1905
D (5.6)

For the sake of simplicity and considering relative densities lower than 0.2, Eq. 5.6 can

also be expressed as a linear function (ref. Eq. 5.7). In this way, the minimum (ID = 0)

and maximum (ID = 1) possible φp for a perfectly round material (ρ = 1) stands at 21.30◦

and 29.84◦ respectively, which are values being a bit lower than the experimental data.
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φp = f(ρ) f(ID) = ρ−0.526 (8.54 ID + 21.30) (5.7)

The final expression in Eq. 5.7 shows a good agreement between the measured and the

predicted peak friction angles (see Fig. 5.15). In all the tested cases, an error margin of

10% was not exceeded throughout between the measured and the predicted values.
(a) 

 

(b) 

 

 
Figure 5.15: Measured versus predicted values of the peak friction angle considering all the

current experimental data. The predicted values were obtained from Eq. 5.7

5.3.5.4 Effect of relative density (ID) on the dilatancy angle (ψ)

The dilatancy angle is typically a characteristic that is derived from drained tests on dense

samples using the volumetric strain versus axial strain plot, while loose samples show

negligible dilation. For undrained tests, since there is no volume change and no direct

method to quantify dilatancy, the dilatancy angle can be estimated using the equation of

Schanz & Vermeer (1996) developed originally for drained tests:

sinψ =
IR

6.7 + IR
(5.8)

IR denotes the relative density index depending on the relative density (ID) and the

applied mean effective stress p′ (Schanz & Vermeer 1996). The relation between IR and

ID is represented as (Bolton 1986):
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IR = ID (Q− ln p
′
)−R (5.9)

Q and R are fitting parameters, for which values of 10 and 1 are assumed respectively

(Bolton 1986). Fig. 5.16 shows a plot of the dilatancy angles against the relative density.

A comparison has been made between the dilation angles obtained from the experiments

against the dilation angles computed using the equation suggested by Bolton (1986). Since

Bolton’s equation for the maximum dilation angle takes into consideration the initial

effective confining stress, two specific cases with effective stresses of 80 and 300 kPa were

used for the comparison considering plane strain conditions. Evidently, there is a good fit

between the experimental dilatancy angles and the angles computed through the model

of Bolton. Although a perfect match should ideally have been encountered, the slight

deviation is caused due to the test conditions - in Bolton’s formulation, the plane strain

condition has been used (0.8ψ = 5IR) whereas triaxial conditions have slightly different

boundary conditions. In addition, the relative densities for a few specimens of round glass

beads are higher than 1, which might also cause the higher scatter at larger ID values. As

expected, dilatancy angle increases with density. The same observation is also supported

in Chakraborty & Salgado (2010).

(a) 

 

(b) 

 

 
Figure 5.16: Variation of the dilation angle (ψ) against the relative density of all the tested

materials under nitial effective confining stress of (a) 80 kPa, and (b) 300 kPa

In Fig. 5.17 the dilatancy angles of all the various tests are plotted against ID. No specific

trend with regards to the influence of grain shape can be noted due to the scatter in
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the data. However, the round glass seems to have a slightly larger dilatancy angle at ID

around 0.3-0.35 as compared to the other two materials, although this influence seems

negligible. An expected linear trend of increasing ψ with increase in ID is also visible.

Figure 5.17: Variation of the dilatancyangle (ψ) against the relative density of all the tested

materials

5.3.5.5 Effect of confining pressure p
′

on the dilatancy angle (ψ)

The variation of the dilation angle with the effective confining stress has been plotted for

the three materials in Figure 5.18. The results closely match the observations of Strahler

et al. (2016) who reported a steady decrease in the dilation angle with an increasing

effective stress using a log-linear relationship. The effective stress was normalized with

respect to the atmospheric pressure p
′
a = 100 kPa.

5.3.5.6 Effect of particle shape and density on steady state friction angle φcs

For triaxial tests, the steady state friction angle φcs can be obtained through the relation

between the peak friction angle φp and dilation angle ψ proposed by Bolton (1986):

φp − φcs = 0.5ψ (5.10)

The steady state friction angle being a unique parameter for a certain material, is ex-

pected to remain constant for any change in relative density, which is confirmed by the
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(a) 

 

(b) 

 

(c) 

 

 
Figure 5.18: Variation of the dilatancy angle against the normalized initial effective stress for

the three materials: (a) crushed glass, (b) Rhein sand, and (c) round glass beads (for greater

accuracy, the two crushed glass specimens with a relative density of 0.438 and 0.451 have been

termed medium)

experimental data in Fig. 5.19(a). The straight horizontal lines represent the arithmetic

mean of all the calculated steady state friction angles for a certain material. The scat-

ter between the various values for a certain regularity and different relative densities is

much lower than in case of the peak friction angle. Considering the mean value of the

steady state angle, a good correlation with the regularity can be observed in Fig. 5.19(b).

With an increase in the regularity, the steady state friction angle decreases, which can be

represented through the following linear expression (Eq. 5.11):

φcs = f(ρ) = 47.84− 29.35 ρ (5.11)

5.3.5.7 Steady state line in the e− p′ diagram

Based on the data from the triaxial experiments, an attempt was made to define the

steady state line in the e − p′ diagram for the three materials. It was assumed that the

materials reach steady state after 25% axial strain. The steady state line is determined

based on a regression analysis to obtain the best fit of the experimental data, using the

well-known Eq. 5.12 (after Schofield & Wroth 1968):

e = τ − λ log

(
p
′

pa

)
(5.12)
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(a) 

 

(b) 

 

 
Figure 5.19: Variation of the steady state friction angle (φcs) against the (a) relative density

ID, and (b) regularity ρ

τ and λ represent the intercept and the slope of the steady state line respectively. Fig.

5.20 presents the respective experimental data for the three tested materials. The points

marked with open and closed symbols denote the initial and final states of the tests.

The red symbols are obtained from the drained tests, while the black symbols denote the

undrained tests. However, owing to limitation of the triaxial device and the predominantly

dilative response of the tested samples, steady state data at effective stresses below 50

kPa are absent in the present data set. Fig. 5.21a shows the steady state data for all three

materials in a single diagram, where on the horizontal axis the mean effective stress is

normalized by the atmospheric pressure. The curve-fitting of the above equation to the

final states yields the following equations (Eq. 5.13) for the three materials:

e = 0.89− 0.054 log

(
p
′

p′
a

)
(5.13a)

e = 0.76− 0.046 log

(
p
′

p′
a

)
(5.13b)

e = 0.48− 0.024 log

(
p
′

p′
a

)
(5.13c)
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These equations are shown as three lines in Fig. 5.21a. The intercepts λ for crushed glass,

Rhein sand and round glass beads are 0.89, 0.76 and 0.48, respectively. The decrease of

λ with regularity is compared with a previous work (Jerves et al. 2015) and as shown in

Fig. 5.21b, can be described by a linear function:

λ = 0.086− 0.068ρ (5.14)

Assuming the steady state void ratio at an effective stress of 1 kPa to be very close to the

maximum void ratio of the material, another common expression of the form of Eq. 5.15

has also been proposed:

e = τ − λ
(
p
′

p′
a

)α

(5.15)

The exponent α represents another fitting parameter. The expressions as obtained after

regression analysis are summarized as Eq. 5.16 and plotted individually for each material

in Fig. 5.20:

e = 0.900− 0.046

(
p
′

p′
a

)0.89

(5.16a)

e = 0.790− 0.041

(
p
′

p′
a

)0.85

(5.16b)

e = 0.485− 0.006

(
p
′

p′
a

)1.49

(5.16c)

The values of the intercept (τ) and the slope (λ) obtained in the second set of equations

for the steady state line are 0.900 and 0.046 for crushed glass, 0.790 and 0.041 for Rhein

sand, and 0.485 and 0.006 for round glass beads. The exponent α appears to be lower for

the angular and sub-angular materials while being the largest for glass beads.

Furthermore, the intercept τ is the largest for crushed glass, while being the least for glass

beads. This can also be attributed to the fact that τ correlates well with the maximum

and minimum void ratio, which in turn is a function of grain shape.
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Figure 5.20: Initial and steady states in the e − p′ diagram for the three tested materials:

(a) crushed glass, (b) Rhein sand, and (c) round glass beads (points marked with red show

drained test results, those in black undrained test results). The dashed curves correspond to Eq.

5.16(a-c).

(a) 

 

(b) 

 

 
Figure 5.21: (a) Steady state line data for the three tested materials and fitting by Eq. 5.13,

and (b) dependence of the slope (λ) of Eq. 5.16 on regularity against the results of Jerves et al.

(2015)

5.3.5.8 Comparison of proposed model with various literature

For the purpose of comparison of the steady state friction angles and the parameters

obtained from Eq. 5.13, an already existing dataset from Cho et al. (2006) and Alshibli &

Cil (2018) has been used, details of which are listed in Table 5.4. For the critical friction
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angle in Alshibli & Cil (2018), the average of all the values for a certain material under

various densities and stresses has been considered. A good agreement of those data with

the current results for the steady state friction angles against the regularity is evident

from Fig. 5.22(a). A similar observation is noted in Figures 5.22(b) and (c) for the two

fitting parameters of Eq. 5.13 (τ − ρ and λ − ρ) where the current data matches the

trend as observed in Cho et al. (2006). The small differences in the values may be because

of variations in other material parameters such as the uniformity coefficient (Cu), mean

grain size (d50) and surface roughness.

Table 5.4: Dataset from literature used for comparison with the current results

Source Soil name d50 Cu ρ φcs τ λ

Nevada sand 0.15 1.8 0.73 31 1.04 0.071

Ticino sand 0.58 1.8 0.60 37 1.05 0.053

Margaret river sand 0.49 1.9 0.70 33 0.84 0.051

ASTM 20/30 0.6 1.4 0.85 32 0.74 0.053

Ponte Vedra sand 0.18 1.8 0.58 39 1.01 0.061

8M8 crushed sand 0.38 3.3 0.45 40 1.16 0.138

Cho et al. (2006) 9C1 crushed sand 0.52 2.3 0.48 39 1.06 0.067

Jekyll Island sand 0.17 1.7 0.58 40 0.98 0.053

ASTM graded sand 0.35 1.7 0.85 30 0.869 0.08

Blasting sand 0.71 1.9 0.43 34 1.099 0.69

Glass beads 0.32 1.4 1.00 21 0.807 0.039

Granite powder 0.9 6.2 0.32 34 1.124 0.07

Ottawa 20/30 sand 0.72 1.2 0.92 27 0.802 0.047

Ottawa F-110 sand 0.12 1.7 0.70 31 0.937 0.077

7U7 crushed sand 0.3 3.2 0.50 37 1.06 0.064

Glass beads 0.36 - 1 27.9 - -

Alshibli & Cil (2018) Toyoura sand 0.22 - 0.50 37.1 - -

Hostun sand 0.34 - 0.46* 38.8 - -

* Data obtained from Zheng & Hryciw (2016)

Furthermore, ignoring the effect of surface roughness (which is beyond the scope of the

present study), the influence of the uniformity coefficient and mean grain size was also

investigated with the documented data from literature. The steady state friction angle

was normalized with respect to regularity using Eq. 5.11, and was plotted against the

mean grain size in Fig. 5.22d, keeping the variation in Cu minimal (1.2 ≤ Cu ≤ 1.8). A

slight increase of φcs with increasing d50 can be concluded from the data. However, the
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Figure 5.22: Comparison of current results with data obtained from literature: (a) φcs − ρ, (b)

τ − ρ, and (c) λ− ρ, (d) normalized steady state friction angle versus d50, (e) normalized steady

state friction angle versus Cu, and (f) comparison between measured and predicted steady state

friction angles

effect of mean grain size is rather small. Therefore, the normalized φcs was plotted against

Cu in Fig. 5.22(e). For the purpose of comparison, curves corresponding to an error of

15% were added to take into account various uncertainties and differences between the

tests in the data set, e.g. with respect to sample size, rate of loading as well as other

morphological factors such as surface roughness. A decent correlation was observed which

can be expressed through Eq. 5.17:

φcs
f(ρ)

= 1.275C −0.128
u (5.17)

A complete formulation incorporating the influence of the particle shape and Cu, but

neglecting d50, may be represented as:

φcs = f(ρ) f(Cu) = 1.275C −0.128
u × (47.84− 29.35 ρ) (5.18)
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Fig. 5.22(f) shows a comparison between the measured and the predicted values using

Eq. 5.18. Barring a couple of data points, the proposed model performs satisfactorly and

predicts the critical friction angle within an error limit of 15%.

5.3.5.9 Influence of gradation on the undrained monotonic behavior

To assess the influence of the particle gradation on the undrained monotonic behavior of

granular soils, three more materials (glass beads, natural sand, crushed glass) were tested

with a similar d50 but with a different Cu = 1.25. It is evident from previous studies

(refer to Chapter 2) that the shear strength increases with a higher d50 but there was no

common consensus with respect to Cu. Consequently in the present set of experiments

the only variables involved were the grain shape and Cu.

Overall 18 tests were carried out on each of the six materials (three grain shapes ×
two uniformity coefficients) among them three tests on each material with three different

relative densities. The cell pressure of each test was 300 kPa, while the back pressure was

maintained at 200 kPa, thereby signifying an initial effective stress (p
′
0) of 100 kPa. All

the tests performed were consolidated and sheared undrained (CU) tests. The details of

these tests are shown in Table 5.5.

i) Loose specimens

The q − p
′

and q − ε1 curves of two samples of crushed glass with different Cu values

and relatively loose initial densities (0.209 < ID < 0.315) are shown in Fig. 5.23. At first

glance from Fig. 5.23a, it is clear that the deviatoric stress q increases significantly faster

with increasing axial strain for Cu=1.25 than for Cu=5, with the final q being almost

twice larger in the case of the uniform material. It is also interesting to note that the

initial part of the effective stress path, including the location of the phase transformation

in Fig. 5.23b is very similar for both Cu values. Furthermore, the slope of the q − p
′

curve during the dilatant phase in Fig. 5.23b does also hardly depend on Cu. Similar

conclusions can be drawn from the results for the two gradations of Rhein sand (Fig.

5.24). Such observations were also encountered in the static triaxial tests of Vaid et al.

(1990) who tested sub-angular sands having three different gradations but a similar mean

grain size. For relative densities around 38%, Vaid et al. (1990) found that the more well-

graded mixtures showed lower values of the deviator stress at the end of the test than the

more uniform sands.
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Table 5.5: Details of the monotonic CU tests conducted on six different materials with three

different densities (denoted as decimals in the nomenclature) to study the influence of Cu on the

undrained monotonic response

Material Nomenclature ID ei e0 p
′
0 (kPa) ecs p

′
ss (kPa)

CG-5

CG-Cu=5-ID=0.315 0.315 0.864 0.856 97.86 0.856 141.35

CG-Cu=5-ID=0.578 0.578 0.725 0.719 98.18 0.719 254.94

CG-Cu=5-ID=0.83 0.830 0.592 0.589 98.00 0.589 780.14

Rhein-5

Rhein-Cu=5-ID=0.236 0.236 0.747 0.738 97.59 0.738 83.11

Rhein-Cu=5-ID=0.581 0.581 0.623 0.618 98.03 0.618 296.21

Rhein-Cu=5-ID=0.836 0.836 0.531 0.529 97.72 0.529 638.55

RG-5

RG-Cu=5-ID=0.228 0.228 0.499 0.495 98.62 0.495 446.8

RG-Cu=5-ID=0.578 0.578 0.445 0.442 97.42 0.445 468.78

RG-Cu=5-ID=0.828 0.828 0.407 0.405 97.64 0.405 466.44

CG-1.25

CG-Cu=1.25-ID=0.269 0.269 1.026 1.019 98.43 1.019 266.83

CG-Cu=1.25-ID=0.586 0.586 0.877 0.872 97.84 0.872 657.91

CG-Cu=1.25-ID=0.804 0.804 0.774 0.770 96.64 0.770 770.44

Rhein-1.25

Rhein-Cu=1.25-ID=0.209 0.209 0.828 0.822 97.78 0.822 144.49

Rhein-Cu=1.25-ID=0.557 0.557 0.714 0.711 97.97 0.711 539.53

Rhein-Cu=1.25-ID=0.825 0.825 0.626 0.623 97.64 0.623 653.75

RG-1.25

RG-Cu=1.25-ID=0.265 0.265 0.700 0.697 97.93 0.697 444.80

RG-Cu=1.25-ID=0.551 0.551 0.655 0.652 97.88 0.652 457.58

RG-Cu=1.25-ID=0.856 0.856 0.606 0.604 98.04 0.604 526.37

Concerning the round glass beads, there is a marked difference. First of all, from Fig.

5.25 showing the data for the loose samples (0.228 < ID < 0.265), it is evident that the

shear strength is similar for both the two gradations, implying that the observations from

the other two materials are not applicable to round materials. For the round glass beads

the deviatoric stress increases rapidly till the first ‘stick-slip’ point, after which q tends

to decrease over ε1. Furthermore, the effective stress paths for both Cu values in Fig.

5.25b do not show a phase transformation point but exhibit a dilative tendency from the

beginning of shearing.

ii) Medium dense specimens

A similar tendency is evident for the medium dense samples (0.551 < ID < 0.586) for

the six materials, where the influence of gradation for a constant d50 for the angular
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Figure 5.23: Comparison of the (a) q− ε1 and (b) q− p′ curves for loose crushed glass with two

different gradations

Figure 5.24: Comparison of the (a) q − ε1 and (b) q − p′ curves for loose Rhein sand with two

different gradations

and sub-angular materials follows the same trend as observed for loose specimens but

seems negligible for the round glass beads. An increase in density results in larger shear

resistance which is evident from a comparison of Figs. 5.23a and 5.24a with Figs. 5.26a

and 5.27a - the maximum value of q for uniform crushed glass increases from nearly 410

kPa to over 1020 kPa while for the uniform Rhein sand, it grows from 190 to 750 kPa. For

the well-graded mixtures, the trend was similar although the increment in q was smaller

as in the uniform cases. For the round glass beads, this increment was quite small: the

peak q increased from approximately 490 kPa in Fig. 5.25a to 550 kPa in Fig. 5.28a. It
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Figure 5.25: Comparison of the (a) q− ε1 and (b) q− p′ curves for loose round glass beads with

two different gradations

(a) 

 

(b) 

0

200

400

600

800

1000

1200

0 5 10 15 20 25

]aPk[ q

ε1 [%]

CG-Cu=5-ID=0.578

CG-Cu=1.25-ID=0.586

0

200

400

600

800

1000

1200

0 100 200 300 400 500 600 700

q 
[k

Pa
]

p' [kPa]

CG-Cu=5-ID=0.578

CG-Cu=5-ID=0.586

Figure 5.26: Comparison of the (a) q− ε1 and (b) q− p′ curves for medium dense crushed glass

with two different gradations

must be noted that as the initial back pressure during the start of the test was kept at

200 kPa, the pore pressure rapidly went down to the negative regime after starting the

test at an axial strain of 2.6%, and the data might not be reliable anymore afterwards.

Thus, evaluating the influence of Cu on shear strength in case of glass beads might not

be reliable, and it is thus suggested to perform similar tests with a larger initial back

pressure to avoid such issues and investigate the Cu influence further.
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Figure 5.27: Comparison of the (a) q − ε1 and (b) q − p′ curves for medium dense Rhein sand

constituting two different gradations
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Figure 5.28: Comparison of the (a) q − ε1 and (b) q − p′ curves for medium dense round glass

beads with two different gradations

iii) Dense specimens

In the dense specimens with ID > 0.8, the differences in the shear strength across various

gradations decrease significantly. As evident from Fig. 5.29a, the maximum q for the well-

graded angular glass is similar or even slightly larger than that of the uniform angular

glass. For the Rhein sand (Fig. 5.30a), the trend is similar to the loose and medium dense

cases although the differences are practically negligible at larger axial strains. For the

round glass beads (Fig. 5.31a), the uniform mixture shows a rapid increase of strength
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in the initial phase of loading, reaching q of 800 kPa, unlike the well-graded mixture,

which gains less strength due to an earlier occurence of the numerous ‘stick-slip’ events.

It is interesting to note that the ‘stick-slip’ effects are more prominent for the well-graded

than for the uniform round glass beads. Furthermore, none of the six materials in the

dense initial state shows any quasi-steady state behavior throughout, although pronounced

phase transformation points are evident for crushed glass (Fig. 5.29b) and Rhein sand (Fig.

5.30b). As was encountered previously in Figs. 5.25b and 5.28b, dense round glass beads

also do not display a distinct phase transformation point (Fig. 5.31b). It is interesting

to note that the deviatoric stresses at the end of the tests on angular and sub-angular

materials are significantly higher (approximately 1300 kPa and 900 kPa for the dense

crushed glass and Rhein sand specimens) than for the round glass beads, where the q

lies around 520 kPa, similar to the loose and medium dense specimens. This is because

for angular materials, the strength gain is mainly governed through interlocking between

individual grains which is absent in glass beads, where particle rolling dominates resulting

in the ‘stick-slip’ motion which hampers a steady and continuous increase in q.

Unfortunately, all the dense samples tested were found to have negative pore pressures

after a certain axial strain (around 14% for both gradations of crushed glass, 5% for both

Rhein sand gradations, and around 2.5-3% for the two gradations of glass beads). Thus,

it must be noted that the softening phases at the end of the tests are possibly associated

with the negative pore pressure. It will be interesting to repeat some of these tests on

dense sands with a higher back pressure to observe their trend at larger axial strains to

obtain further results with more confidence.
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Figure 5.29: Comparison of the (a) q − ε1 and (b) q − p′ curves for dense crushed glass with

two different gradations
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Figure 5.30: Comparison of the (a) q − ε1 and (b) q − p′ curves for dense Rhein sand with two

different gradations

Figure 5.31: Comparison of the (a) q − ε1 and (b) q − p′ curves for dense round glass beads

with two different gradations

5.4 Cyclic undrained triaxial tests

There are only few studies on granular materials with different uniformity coefficients,

particularly more well-graded materials (Cu > 4), which partially deliver contradicting

results (Kokusho 2007). Furthermore, the combined influence of particle shape and grad-

ing on the behaviour of granular soils under cyclic loading, particularly the liquefaction

resistance, has not been studied so far. Therefore, one of the major aims of the present

study was to investigate the dependence of the undrained cyclic behaviour and the lique-

faction resistance of granular materials on both grain shape and grading utilizing a series
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of undrained cyclic triaxial tests. The setup used was already explained in Chapter 4. To

study the influence of gradation and grain shape, the same six materials as described in

Chapter 4 were used: angular crushed glass, sub-angular Rhein sand and glass beads, each

tested with the two different uniformity coefficients Cu = 1.25 and 5.

5.4.1 Schedule of cyclic undrained triaxial tests

The cyclic undrained triaxial tests were performed under one initial effective confining

pressure (p
′
0=100 kPa, cell pressure and back pressure were 300 and 200 kPa, respectively)

and on two relative densities (loose and medium dense) for each of the materials. For

each density, four tests were carried out with different stress amplitudes to obtain the

relationship between the cyclic stress ratio CSR and the number of cycles N required

for initial liquefaction. Therefore, a total of 48 cyclic undrained tests were performed,

24 for each density. The details of the testing program can be found in Tables 5.6 and

5.7. As mentioned previously, air pluviation was used for sample preparation throughout,

assuming that it leads to a similar fabric for all materials and densities.

Typically, B values were 0.96 or higher in all the performed tests. The loading was applied

with a constant displacement rate of 0.1 mm/min, which was sufficiently small to enable

a uniform distribution of pore water pressure within the sample throughout the test.

The loading was applied stress-controlled, which means that the loading direction was

reversed once the deviatoric stress reached the pre-defined maximum (qmax = qav + qampl)

or minimum (qmin = qav − qampl) values. One may also refer to this type of loading as

a triangular stress-controlled loading. Typically, for the loose specimens, the tests were

terminated when an axial strain of 10% was reached or when the magnitude of the effective

stress was reduced to zero. For the medium dense specimens, the tests were run until the

formation of a ‘butterfly-shaped’ effective stress path was evident. Generally these tests

were stopped when a double axial strain amplitude of 5% was achieved. The number of

cycles to liquefaction was noted as the first cycle when the effective stress path passed

through p
′
= 0 kPa for the first time.

5.4.2 Test results

a) Loose specimens (0.28 < ID < 0.37)

Table 5.6 summarizes the various cyclic undrained tests performed on the loose specimens.

A total of 24 tests were performed, with each material undergoing four tests with different
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Table 5.6: Details of the cyclic undrained tests performed on the loose specimens

Material Cu ID e0
qampl

(kPa)
CSR Nc Cu ID e0

qampl

(kPa)
CSR Nc

Crushed

glass
1.25

0.337 0.994 20 0.10 31

5

0.370 0.835 18 0.09 98

0.326 0.999 22 0.11 5 0.357 0.842 20 0.10 49

0.342 0.992 25 0.125 5 0.366 0.837 25 0.125 16

0.335 0.995 30 0.15 1 0.369 0.836 30 0.15 4

Rhein

sand
1.25

0.328 0.789 15 0.075 50

5

0.32 0.717 15 0.075 92

0.302 0.798 18 0.09 5 0.31 0.72 16 0.08 11

0.298 0.799 20 0.10 2 0.303 0.722 20 0.10 4

0.306 0.797 25 0.125 1 0.362 0.701 22 0.11 3

Round

glass
1.25

0.358 0.685 20 0.10 100

5

0.334 0.483 20 0.10 44

0.349 0.687 25 0.125 12 0.296 0.488 25 0.125 14

0.333 0.689 28 0.14 4 0.315 0.485 30 0.15 10

0.344 0.688 30 0.15 3 0.28 0.491 35 0.175 3

qampl or CSR = qampl/(2p
′
0) values. Furthermore, Table 5.6 provides the relative densities

ID and the post-consolidation void ratios e0 that were determined at the beginning of the

test.

While it was relatively easy to prepare specimens with lower relative densities of 0.28-

0.35 for the Rhein sand and the glass beads, this was more difficult for the angular glass,

especially for the well-graded mixture where the ID always varied between 0.35-0.37 post

consolidation. To achieve very loose specimens of crushed glass, one could use a different

sample preparation method, i.e. moist tamping. However, the present study considers only

the air pluviation method to achieve a similar fabric, and it is expected that the small

differences in ID will not affect the interpretation of the test results much.

A typical result from a test on a loose uniform crushed glass specimen (ID = 0.337)

subjected to cycles with an amplitude qampl of 20 kPa is shown in Fig. 5.32. The diagrams

represent the deviatoric stress versus the axial strain and the effective stress path in the

q − p′ plane. Obviously, the cyclic loading leads to an accumulation of excess pore water

pressure, which means a decrease of the mean effective stress p′ with each further cycle.

A significant decrease of effective stress occurs in the last cycle, accompanied by large

strains (flow liquefaction). As mentioned previously, the test was terminated at a large

axial extension strain fulfilling the failure criterion |ε1|=10%, which developed as the

effective stress path approached the failure line in the extension regime. The formation of

‘butterfly’ shaped loops were not possible for loose specimens owing to the large sample

deformation developing within a single cycle.
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Figure 5.32: (a) q − p′ and (b) q − ε1 curves from a test on loose crushed glass with Cu=1.25,

ID = 0.337 and CSR=0.10

To compare the cyclic responses for the six tested materials, Figs. 5.33 and 5.34 compile

the effective stress paths and stress-strain relationships for a deviatoric stress amplitude

qampl of 20 kPa, corresponding to a CSR value of 0.10. A look at Fig. 5.33a and 5.33b for

the two gradations of the crushed glass shows that the number of cycles (Nc) required

to obtain a cyclic failure is slightly lower for the uniformly graded specimen (Nc=31)

than for the well-graded one (Nc=49). Similar observations are also evident in the case

of the Rhein sand (Figs. 5.33c and d) where the number of cycles required for initial

liquefaction for the uniformly graded material (Nc = 2) is lower than that for the well-

graded mixture (Nc = 4). Interestingly, it is the other way around for the glass beads,

where the poorly graded mixture (Nc = 100) needs more cycles to liquefaction than the

well-graded one (Nc = 44). Looking at the q−ε1 relationships in Fig. 5.34 one can conclude

that while the specimens of angular glass and natural sand fail through large deformations

developing within a single cycle in the extension regime, the round glass beads of both

gradations develop significantly lower axial strains, showing the formation of one wing

of the butterfly-shaped loop for the uniform glass beads before reaching ε1 = 10% (Fig.

5.34e), and multiple but complete butterfly-shaped loops for the well-graded glass beads

(Fig. 5.34f). Under the test condition analyzed in Figs. 5.33 and 5.34 the Rhein sand is

the most liquefiable material, while the liquefaction resistance is larger for the crushed

glass and the round glass.

Table 5.6 also lists the number of cycles required to achieve initial liquefaction for all the

tests performed on loose specimens. In general, the well-graded materials show slightly

larger numbers of cycles to initial liquefaction than the uniform ones, especially at larger
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Figure 5.33: Effective stress paths in the q − p′ diagram for the six tested materials subjected

to a qampl= 20 kPa corresponding to a CSR=0.10 (loose specimens only)

CSR values. However, at lower CSR values, this trend is opposite for glass beads. For

example, for CSRs of 0.10 and 0.125, the well-graded glass beads liquefied earlier than
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Figure 5.34: Stress-strain relationships in the q−ε1 diagram for the six tested materials subjected

to a qampl= 20 kPa corresponding to a CSR=0.10 (loose specimens only)

the uniformly distributed ones, while at larger CSR values (CSR ≥ 0.14), the trend is

reversed, with the well-graded mixture requiring larger number of cycles.
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Table 5.7: Details of the cyclic undrained tests performed on the medium-dense specimens

Material Cu ID e0
qampl

(kPa)
CSR Nc Cu ID e0

qampl

(kPa)
CSR Nc

Crushed

glass
1.25

0.566 0.886 30 0.15 111

5

0.579 0.725 25 0.125 38

0.541 0.898 35 0.175 9 0.623 0.701 30 0.15 21

0.554 0.892 38 0.19 6 0.605 0.711 35 0.175 6

0.563 0.888 40 0.20 1 0.603 0.712 38 0.19 3

Rhein

sand
1.25

0.542 0.719 20 0.10 117

5

0.61 0.612 18 0.09 48

0.588 0.704 25 0.125 45 0.613 0.611 20 0.10 23

0.56 0.713 30 0.15 7 0.609 0.613 24 0.12 10

0.564 0.712 40 0.20 1 0.608 0.613 30 0.15 3

Round

glass
1.25

0.598 0.647 30 0.15 114

5

0.605 0.441 30 0.15 135

0.572 0.651 35 0.175 16 0.554 0.449 40 0.20 12

0.565 0.653 40 0.20 15 0.59 0.443 50 0.25 11

0.562 0.653 50 0.25 4 0.622 0.438 60 0.30 5

b) Medium-dense specimens (0.541 < ID < 0.623)

Overall 24 tests were performed on the medium-dense specimens of the six different ma-

terials (Table 5.7). Different CSRs were employed for the different materials to obtain a

wide range of the CSR−N curve.

In Figs. 5.35 and 5.36, the effective stress paths and the stress-strain relationships of the

specimens subjected to a stress amplitude qampl of 30 kPa corresponding to CSR=0.15

are summarized. Since the specimens are relatively denser, all the specimens exhibit

butterfly-shaped effective stress loops denoting ‘cyclic mobility’ which is characterized

by an increasing axial deformation with every subsequent stress cycle. For the angular

and sub-angular materials, the mode of failure is generally through extension, where the

sample undergoes large deformation on the extension side, a characteristic similar to the

loose specimens. The only exception is the well-graded Rhein sand where the sample failed

under compression (Fig. 5.35d). Also the samples of the glass beads showed a stronger

increase of axial strain on the compression side, leading to a failure in compression. The

number of cycles for initial liquefaction (defined as the first cycle reaching p
′
= 0 kPa) was

larger for the uniformly graded angular and sub-angular specimens (Figs. 5.35a−d) than

for the corresponding well-graded ones, which is in contrast to the observations for the

loose specimens discussed in the previous sub-section. In addition, the number of cycles

to initial liquefaction for the round beads increases as one moves from the uniform to

the well-graded mixture, again contrasting the observations in the previous case for the
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Figure 5.35: Effective stress paths in the q − p′ diagram for the six tested materials subjected

to a qampl= 30 kPa corresponding to a CSR=0.15 (medium dense specimens only)

loose specimens. These observations show that the influence of gradation on liquefaction

resistance depends on both, relative density and particle shape.
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Figure 5.36: Stress-strain relationships in the q−ε1 diagram for the six tested materials subjected

to a qampl= 30 kPa corresponding to a CSR=0.15 (medium dense specimens only)

It is interesting to analyze in more detail the evolution of the axial deformation with sub-

sequent stress cycles after initial liquefaction. Looking at the q− ε1 curves in Fig. 5.36, for

the angular glass and sub-angular Rhein sand, the axial deformations develop significantly
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faster with increasing number of cycles than for the round beads. Furthermore, in terms

of the absolute magnitude the strain loops in extension are larger than the subsequent

loops under compression for the uniformly graded crushed glass and Rhein sand, while

for the well-graded specimens of these materials, the strain loops are more symmetrical.

This means to achieve the maximum and minimum deviatoric stresses within a certain

cycle, the deformations in extension and compression are similar. For glass beads, as can

be seen from Figs. 5.36e and 5.36f, the build-up of the axial strains is not symmetrical

but predominantly compressive with every subsequent cycle post initial liquefaction. This

is even more prominent in the well-graded glass beads, where considering the last cycle

the maximum ε1 post liquefaction in the extension regime is just over 1%, while in com-

pression, it is more than twice, exceeding 2%. Such larger compressive tendencies in cyclic

undrained testing on medium dense to dense specimens were also encountered by other

researchers, e.g. Sze & Yang (2014).

Furthermore, one common feature of both the loose and medium dense specimens shown in

Figs. 5.33 and 5.35 is the rightward inclination of the effective stress path, which is possibly

a result of the inherent anisotropy induced during the process of sample preparation

through air pluviation. Past studies (e.g. Kodicherla et al. 2018) have demonstrated that

during air pluviation, the preferential particle orientation is in the horizontal direction

mainly caused by the gravitational force, resulting in a higher degree of horizontally

oriented grains as compared to other preparation methods.

For the other CSRs, the numbers of cycles to initial liquefaction for the six tested materials

are also given in Table 5.7. Clearly, the Nc for similar CSR values in the two angular and

sub-angular mixtures decreases with increasing uniformity coefficient. For example, at

CSR = 0.15, the Nc for angular glass with Cu = 1.25 and 5 reads 111 and 21 respectively.

Similarly, for the Rhein sand, considering CSR=0.10, the Nc for the uniform and the

well-graded materials are 117 and 23 respectively. However, for the glass beads, the trend

is opposite: for CSR = 0.15, the Nc for the uniform and well-graded mixtures are 114 and

135 respectively. For higher CSRs, the trend remains similar.

5.4.3 Analysis of cyclic undrained results

5.4.3.1 Effect of particle characteristics on CRR

To analyze the results obtained from the extensive set of cyclic undrained tests with re-

spect to the impact of grain shape and gradation on the liquefaction resistance of loose
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granular materials, the number of cycles to initial liquefaction Nc was plotted against the

corresponding CSR values in a semi-logarithmic plot as shown in Fig. 5.37. At first glance

it is evident that for all three materials the circular points (marked in red) correspond-

ing to the well-graded mixtures generally lie above the black square points representing

the uniform mixtures. Thus, generally the cyclic undrained strength of loose well-graded

specimens is higher than that of the uniformly graded ones, approximately independent

of grain shape.
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Figure 5.37: CSR againstNc curves for the tested materials considering only the loose specimens:

(a) crushed glass, (b) Rhein sand, and (c) glass beads
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Figure 5.38: CSR against Nc curves for the tested materials considering only the medium-dense

specimens: (a) crushed glass, (b) Rhein sand, and (c) glass beads

Similarly, Fig. 5.38 shows the CSR vs Nc curves of the medium-dense samples. The red

circular points denoting the well-graded mixtures are observed to lie below the black

square points of the uniform mixtures, opposite to the trend found for the loose specimens.

One exception to this rule is the case of round beads where the same trend as in the case
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of loose specimens is observed (see Fig. 5.38c). Also, it is to be noted that for glass beads

at smaller CSR values, the Nc points for the two gradations are closer to each other as

compared to higher magnitudes of CSR. Therefore, at smaller CSRs, the particle gradation

of the glass beads does not play a significant role in the number of cycles to liquefaction.

For data fitting, the common formulation in the form of Eq. 5.19 was considered following

the recommendations of Boulanger & Idriss (2015) and Wei et al. (2020):

CSR = a (N)−b (5.19)

where N denotes the number of cycles, while a and b are fitting parameters. The best

fit curves are denoted as black solid lines and red dashed lines for the poorly and well-

graded materials, respectively, in both Figs. 5.37 and 5.38. The magnitude of the fitting

parameters a and b and the R2 value are also shown in the respective diagrams.

For the purpose of comparison, the cyclic resistance ratio CRR has been generally em-

ployed in past studies. The CRR is defined as the CSR causing liquefaction in a given

number of cycles (e.g. N=10 or 15) and corresponds to the moment magnitude (Mw) of an

earthquake. Usually, the mean number of equivalent uniform cycles of ten is assumed to

correspond to an earthquake with Mw= 7 while fifteen cycles are regarded representative

for an earthquake of Mw= 7.5 (Idriss 1999; Wei et al. 2020). In the present study, both

the CRR values corresponding to Nc = 10 and 15 are analyzed. Table 5.8 lists these CRR

values obtained from the data in Figs. 5.37 and 5.38 applying Eq. 5.19 with the given

fitting parameters.

Table 5.8: Cyclic resistance ratio CRR for the different materials considering the CSR values

obtained at Nc=10 and 15 corresponding to moment magnitudes Mw=7 and 7.5 in the event of

an earthquake

Density Material Cu CRRNc=10 CRRNc=15 Cu CRRNc=10 CRRNc=15

Loose

Crushed glass

1.25

0.111 0.106

5

0.131 0.123

Rhein sand 0.088 0.084 0.091 0.087

Round glass 0.128 0.123 0.139 0.128

Medium-

dense

Crushed glass

1.25

0.176 0.172

5

0.16 0.151

Rhein sand 0.146 0.138 0.12 0.111

Round glass 0.208 0.196 0.242 0.224

Fig. 5.39 presents the CRR values for Nc = 10 versus the uniformity coefficient for the

three different materials. The two diagrams distinguish the loose and the medium dense



5.4 Cyclic undrained triaxial tests 179

samples. For the specimens with the lower density, the CRR values are slightly lower for

the uniformly graded materials compared to the well-graded ones. With increasing ID the

trend changes for the angular and sub-angular materials, while it remains unaffected for

the grains having a round shape. As a supporting study, one may refer to the work of Vaid

et al. (1990), where three different gradations of a natural sand with a common d50 and

sub-angular shaped grains were tested using samples prepared through water deposition.

In that study an increasing cyclic resistance ratio CRR (evaluated as the CSR at N=10

in their case) with increasing Cu was reported for loose specimens, whereas for denser

specimens with a ID > 0.58, the trend reversed, matching the present observations for

angular/sub-angular shaped materials. However, opposite to the current study, the study

of Vaid et al. (1990) did not incorporate materials with very angular and very rounded

grains.

To the best knowledge of the author, only Hara et al. (2004) made a similar observation

in their cyclic tests under a p
′
of 98 kPa on medium dense (ID = 0.50) samples of rounded

river and angular decomposed granite sands having two different Cu values. Considering

the CSR at N = 20, the CRR for the angular sand was found to decrease with increasing

Cu, while the opposite tendency was observed for the round River sand. However, no

comment with regards to the influence of grain shape was given: instead it was hypoth-

esized that the undrained cyclic strength is almost independent of particle gradation in

contrast to its strong dependency on ID. Although partially true, their interpretation was

incomplete without considering the influence of grain shape as evidenced in the present

study.
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Figure 5.39: Variation of the CRR (Nc = 10) against Cu for the tested materials (‘CG’= crushed

glass; ‘Rhein’= Rhein sand; ‘RG’= glass beads): (a) loose and (b) medium-dense specimens
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Also interesting to note are the different inclinations of the CSR−Nc lines in Figs. 5.37

and 5.38: the curves for the well-graded mixtures are generally steeper than those of

the uniform mixtures. This can be also inferred from the differences between the CRR

(Nc = 10) and CRR (Nc = 15) for the tested materials: it generally decreases or remains

similar for the loose specimens as one moves from Nc = 10 to Nc = 15. The parameter b,

which denotes the slope of the CSR-Nc curve is generally larger for the well-graded loose

specimens except for the Rhein sand (Fig. 5.37b), where the poorly graded sand shows

slightly larger values compared to the well-graded one. However, for all the medium dense

specimens, the well-graded materials for all the three materials show a larger b compared

to the poorly graded ones.

5.4.3.2 Influence of ID on CRR

In the present study, only two relative densities were studied, corresponding to loose and

medium dense specimens. Considering the average post-consolidation ID for the materials,

the variation of the undrained cyclic strengths CRR(Nc = 10) and CRR(Nc = 15) with

relative density is plotted in Figs. 5.40a and 5.40b, respectively. These diagrams confirm

the well-known increase of the liquefaction resistance CRR with increasing relative density,

independently of grain shape and gradation.
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Figure 5.40: Variation of the CRR against ID for the tested materials (‘CG’= crushed glass;

‘Rhein’= Rhein sand; ‘RG’= glass beads): (a) Nc = 10 and (b) Nc = 15 referring to Mw = 7

and 7.5 respectively. The number next to the material denotes the Cu

Generally, the variation of the CRR against ID can be considered linear (Vaid et al. 1990).

Therefore, considering the two densities for each material, a linear trendline is fitted to the
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data in Fig. 5.40. A clockwise rotation of the trendlines for the angular and sub-angular

materials can be seen with increasing Cu values (black and red solid and dashed lines).

However, the inclination of the trendline remains largely unaffected by variations in Cu in

the case of round glass beads (denoted by the blue solid and dashed lines). The inclination

of the trendline is denoted as I. The I values obtained from the fitting of the data in Fig.

5.40 are presented in Fig. 5.41 as functions of the uniformity coefficient. Evidently, a

decrease in the slope I with increasing Cu occurs for crushed glass and Rhein sand, while

it remains practically constant for the glass beads. For increasing Mw, the magnitude of

I decreases although the trends remain similar.
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Figure 5.41: Variation of the slope of the CRR−ID curves shown in Fig. 5.40 against the two

Cu values tested in the present study

5.4.3.3 Influence of regularity ρ on CSR−Nc curves and CRR

Fig. 5.42 shows the CSR −Nc curves for the poorly graded materials tested under both

loose and medium dense conditions. In case of the loose specimens (Fig. 5.42a), the CSR−
Nc curves are almost parallel and do not intersect. The curve for the glass beads lies at

the top, suggesting a higher liquefaction resistance, followed by the angular crushed glass.

The Rhein sand shows the lowest liquefaction resistance. In a similar way, for the medium

dense specimens (Fig. 5.42b), the liquefaction resistance for glass beads is the largest

while being the least for Rhein sand. The curve for the crushed sand lies in between but

shows a lower inclination. Apparently, the influence of grain shape is not clear since there

is no definite trend.

A comparison of the CRR (Nc = 10) values against the regularity ρ for the tested materials

under loose and medium dense relative densities is presented in Figs. 5.43a and 5.43b,
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(a) 

 

(b) 

 
 

Figure 5.42: Comparison of the CSR values against Nc for the three poorly graded materials

(Cu = 1.25): (a) loose specimens, and (b) medium dense specimens

respectively. The Rhein sand shows the least CRR for both the poorly and the well

graded cases under both relative densities. Furthermore, the influence of gradation on

loose Rhein sand seems to be minimal as the CRR (Nc = 10) values lie close to each other.

However, the difference increases at higher densities, where the poorly graded Rhein sand

shows larger liquefaction resistance. For loose crushed glass, a similar trend is observed

where the well-graded mixture shows larger liquefaction resistance than the uniform one.

However, with increasing density the trend reverses. The glass beads show the largest

liquefaction resistance under both densities. Additionally, the loose well-graded mixture

shows a larger resistance compared to the poorly graded one, and this difference increases

at higher densities. To summarize, the higher the Cu and ID of glass beads, the larger the

liquefaction resistance.

5.5 Correlating the cyclic and monotonic undrained

responses

The cyclic loading response has been found to be strongly linked with the monotonic

loading response under isotropic conditions (Mohamad & Dobry 1986; Alarcon-Guzman

et al. 1988).

It was concluded previously that Cu does not influence the slopeM of the steady state lines

in the q − p′ plane. Therefore, for the two gradations, Fig. 5.44 shows the average slopes
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Figure 5.43: Comparison of the CRR (Nc = 10) values against regularity ρ for the tested

materials (Cu = 1.25 and 5): (a) loose specimens, and (b) medium dense specimens

obtained from the monotonic tests superimposed on the q − p′
curves of loose specimens

in monotonic and cyclic tests, where the latter ones are prone to failure through the mode

of extension except the glass beads. The same diagrams are plotted for the medium-dense

specimens in Fig. 5.45, where the same slope M is visible for the compression wing of the

butterfly-shaped effective stress paths. For the loose specimens, large deformations in the

extension regime resulted in sample necking. To assess the failure lines under extension,

additional monotonic extension tests must be performed.

It is to be recalled that for both the loose and medium-dense specimens, the monotonic

strength was smaller for the well-graded angular/sub-angular materials than for the cor-

responding uniform mixtures, which was in accordance with Vaid et al. (1990). However,

the influence of gradation decreased for the angular/sub-angular materials with increas-

ing ID, eventually vanishing for ID > 0.8, probably due to development of negative pore

water pressures. No influence of gradation was visible for round glass beads under all the

three densities tested. In the cyclic tests, the Nc to initial liquefaction for loose specimens

increased slightly with an increasing uniformity coefficient irrespective of the grain shape,

but for medium-dense specimens, the angular and sub-angular materials showed a strong

decrease in Nc with Cu while for glass beads the opposite trend was observed.

Therefore, it can be concluded that under similar boundary conditions, the undrained

monotonic response of angular and sub-angular granular materials are affected by the

gradation, with this influence decreasing at higher values of ID. The undrained cyclic

response denoted in terms of CRR (Mw = 7/7.5) depends on both the gradation as well

as the ID. For round materials, the influence of gradation is insignificant in monotonic
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(a) 

  
(b) 

  
(c) 

  
 

Figure 5.44: Comparing the static and cyclic responses (CSR=0.10) for the loose samples. The

dashed line denotes the slope of the steady state obtained from monotonic tests, details of which

are provided in Chapter 5.

compression tests, while in the cyclic tests the cyclic undrained strength CRR increases

with increasing Cu.
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(a) 

  
(b) 

  
(c) 

  
 

Figure 5.45: Comparing the static and cyclic responses (CSR=0.10) for the medium dense

samples. The dashed line denotes the slope of the steady state obtained from monotonic tests,

details of which are provided in Chapter 5.
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5.6 Summary

The aim of this chapter was to study the effect of the particle shape and gradation on

the monotonic drained and undrained behavior as well as the cyclic undrained behavior

of granular materials, based on an extensive series of monotonic and cyclic triaxial tests.

The main observations can be summarized as follows:

5.6.1 Monotonic behavior

• In general, materials with angular grains (having low values of regularity ρ) exhibit

comparatively higher shear strength than the materials with rounded particles. The

presence of interlocking in angular materials is one reason for the increased shear

strength, which is significantly lower for rounded materials.

• For round glass beads, during drained shear a very small initial contraction is only

noticed even for loose samples after which the volume change behaviour becomes

dilative. The overall volume changes of glass beads remain small, which correlates

with the much smaller difference between the maximum and minimum void ratio

for rounded materials as compared to angular ones.

• The peak and steady state friction angles are significantly affected by the particle

shape. Crushed glass displays much higher values of both the peak and steady state

angles as compared to the Rhein sand and round glass beads. Besides, confirming

well-know relations, an increase in relative density causes an increase in the peak

friction angle, while the steady state angle remains unaffected by density changes.

• The steady state curves in the e − p′ diagram derived from undrained monotonic

tests, as well as parameters such as the intercept and the slope of the e − p′
curve

are dependent on the grain shape. Both the slope and the intercept of the e − p′

curve decrease with increasing regularity, which is in line with previous findings in

the literature. Besides the particle regularity, the uniformity coefficient (Cu) influ-

ences the steady state angle, and a mathematical model for predicting φcs has been

presented incorporating both parameters.

• The monotonic undrained strength of angular and sub-angular materials was found

to decrease with an increasing Cu, while for round glass beads, it was found Cu-

independent. However, with increasing densities, the apparent difference in the shear
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strength of materials with subangular or angular particle shape decreases and be-

comes practically negligible for dense specimens (ID > 0.8). The slope of the steady

state line was found to be independent of Cu for all tested materials.

5.6.2 Cyclic behavior

• In the undrained cyclic tests the loose specimens of angular/sub-angular materi-

als failed mainly in the extension regime, undergoing large axial strains within a

single cycle eventually leading to p
′

= 0 kPa. For the loose glass beads, the devel-

opment of axial deformation after initial liquefaction (i.e. reaching p
′

= 0 kPa for

the first time) occured slower, leading to some kind of cyclic mobility. Similarly for

medium-dense specimens, the strains progressively developing after reaching initial

liquefaction were much smaller for glass beads than for the angular/sub-angular

materials. However, all medium dense samples showed a cyclic mobility, irrespective

of the grain shape.

• The inclination of the CSR − Nc curves are generally larger for the well-graded

materials than for the uniformly graded ones.

• Considering two different values of the earthquake magnitude Mw, the CRR is found

to increase with an increase in Cu for loose samples of the angular/sub-angular

materials, while the trend is reversed in medium-dense specimens. For glass beads,

CRR increases with Cu irrespective of the ID.

• Both gradations of Rhein sand were found to show a lower liquefaction resistance

represented in terms of the CRR (CSR at Nc = 10) than the corresponding angular

glass or glass beads under both tested relative densities. The CRR values were the

largest for glass beads for both gradations tested.

• The CRR increases with ID. Assuming a linear relationship the slope of the CRR−ID
curve is larger for uniform angular/sub-angular materials compared to the corre-

sponding well-graded mixtures, implying a clockwise rotation of the CRR−ID lines

with increasing Cu. In contrast, the inclination of the CRR−ID curve is independent

of Cu for glass beads.

• While the monotonic response depends on the gradation for angular/sub-angular

materials, the undrained cyclic response is also dependent on both the gradation

as well as the ID. For round materials, the influence of gradation is insignificant in
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monotonic compression tests, while CRR needed to initiate liquefaction increases

with increasing Cu.



6 Influence of particle characteristics

on dynamic properties

6.1 Introduction

Numerous experimental studies in the past have shown that the mechanical properties

of geo-materials subjected to dynamic events, e.g. earthquake, traffic, machine founda-

tions, etc. are strongly dependent on the amplitude of deformation or vibration. The

amplitude-dependent ”dynamic soil properties”, like shear modulus, shear or compression

wave velocity and damping play an important role in the design of geotechnical struc-

tures subjected to dynamic loading (Payan et al. 2016). This chapter presents the various

results obtained from resonant column (RC) tests or compression (CP) and bender (BE)

element measurements and discusses the influence of the particle size and shape on the

small-strain dynamic properties of granular materials.

6.2 On the effect of particle shape on wave velocity

A comprehensive review of literature did not lead to clear conclusions regarding the suit-

ability of various grain morphology descriptors in characterizing various dynamic soil

properties. Therefore, it remains difficult to estimate certain parameters describing dy-

namic soil behavior considering particle characteristics, particularly grain shape. In this

section, an attempt is made in that direction with respect to the shear wave velocity. The

three granular materials having the same Cu = 5 and d50 = 0.42 mm with different grain

shapes, namely crushed angular glass, sub-angular Rhein sand and round glass beads as

described previously (see Table 4.1) are considered for that purpose.

To obtain high quality images, the scanner CanoScan 9000F (Section 3.3.2) was used. Fig.

6.1 shows the obtained raw images for grains falling within the range of sizes 0.315-0.5

mm.

189
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Crushed glass Rhein sand Round glass 

   
 

Figure 6.1: Scanner images of the tested materials considering the grains falling between 0.315-

0.5 mm only

6.2.1 Quantification of shape parameters through image analysis

In order to obtain the various grain shape parameters through image analysis, the grains

were sieved into three fractions: the larger size fraction in the range 0.5-1 mm, the medium

size fraction between 0.315-0.5 mm (shown in Fig. 6.1) and the smallest size fraction be-

tween 0.063-0.315 mm. This was done to study the variation of grain shape along different

grain sizes. The analysis was predominantly performed using the ImageJ approach since

a large number of shape parameters can be obtained simultaneously. However, to obtain

specific shape parameters (e.g. roundness, different forms of sphericity and regularity),

the MATLAB approach was employed. A minimum of 50 grains of each size fraction were

analyzed, since no significant difference is expected when using larger numbers of grains

(Cox & Budhu 2008). Nevertheless, for the smaller grain sizes, a comparatively larger

number of grains were analyzed (more than 70) as more grains were captured using the

scanner at once. The values of the shape parameters are listed in Table 6.1.

Influence of grain size on the morphology parameters

Fig. 6.2 shows the variation in the grain shape parameters with varying grain sizes ob-

tained for the crushed angular glass and the Rhein sand only as the shape parameters

of round glass beads were similar throughout since they were manufactured by the same

method. In general, the shape descriptors do not change significantly with grain size in

the adopted materials, although some small variations are evident. For example, from

Fig. 6.2a, the aspect ratio of the smallest sized fraction was slightly smaller than for the

largest fraction, which consequently implied slightly larger circularity values (Fig. 6.2b).

Also, a similar trend for the mean roundness (Fig. 6.2j) is obtained. However, for prac-
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tical purposes, the minute differences encountered may be neglected for the majority of

the shape descriptors.
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Figure 6.2: Comparison of the grain shape parameters of various grain sizes for the crushed

glass and Rhein sand

The only exception refers to the values of concavity (Fig. 6.2c) which shows a large increase

in the magnitude with increasing grain size. This is because concavity refers to the area
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Figure 6.3: Variation of the grain shape parameters of the three materials for the grain sizes in

the range 0.315-0.5 mm

between the convex hull and the actual grain area. For analyzing grains under similar

magnification, the larger grains have a larger area of the convex hull as well as the grain

itself, and the difference between them is also significantly larger. Therefore, it does not
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Table 6.1: Different morphological values for the tested materials

Material Ar Circ Cv Cx Comp RF So MR

Crushed glass 1.467 0.706 508.42 0.940 0.759 0.849 0.944 0.529

Rhein sand 1.241 0.839 143.930 0.951 0.870 0.903 0.983 0.709

Glass beads 1.048 0.887 64.993 0.955 0.952 0.965 0.987 0.898

Material Rect R SA SD SC SP SWL ρ

Crushed glass 0.640 0.320 0.484 0.690 0.610 0.830 0.520 0.465

Rhein sand 0.730 0.440 0.680 0.818 0.770 0.930 0.750 0.605

Glass beads 0.745 0.900 0.984 0.992 0.900 1.000 0.967 0.900

make sense to compare the concavity values for different grain sizes if not under the same

magnification for individual grains.

Variation of the morphology parameters with varying grain shape

Fig. 6.3 compares the shape parameters for the three materials considering the grains lying

in the size range 0.315-0.5 mm only. In general, the aspect ratio and the concavity decrease

as one moves from crushed angular glass over the natural sand to round glass beads. At the

same time, some of the parameters (circularity, compactness, R-Factor, Mod-Ratio, rect-

angularity, roundness, area sphericity, diameter sphericity, circle-ratio sphericity, perime-

ter sphericity, width-to-length ratio sphericity and the regularity) are found to strongly

increase, whereas a couple of them (convexity and solidity) show only a slight increasing

tendency.

6.2.2 Variation of vs for the tested materials

Similar to Gmax, the dependence of the shear wave velocity vs on void ratio e and the mean

confining pressure p
′

is represented by the model of Hardin (Hardin & Black 1966). For

the void ratio function f(e), the popular Jamiolkowski expression is considered with the

fitting parameter d while the pressure dependence is indicated using fitting parameters A

and n:

vs = Apa

( p′

pa

)n
f(e) (6.1a)

f(e) = e−d (6.1b)
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Table 6.2: Fitting parameters of the variation of the shear wave velocity against the void ratio

and confining pressure

Material di,avg [-] n [-] A [-]

Crushed glass 0.53 0.26 1.54

Rhein sand 0.47 0.24 1.77

Glass beads 0.27 0.28 1.79

For each material three to four samples with significantly different relative densities were

prepared and tested (ID0 = 0.58 − 0.95 for crushed glass, 0.52 − 0.96 for natural sand

and 0.51 − 1.06 for glass beads). Each sample was tested under four different isotropic

stresses in succession, with effective mean stresses of p′ = 50, 100, 200 and 400 kPa. Fig.

6.4 shows the variation of the shear wave velocity against the void ratio and the confining

pressure (normalized by atmospheric pressure pa) for the three materials along with the

fitted void ratio and pressure functions. The solid lines in the vs− e diagrams correspond

to the void ratio function with the best-fit d parameters for each pressure.The dashed

lines represent the void ratio function evaluated with di,avg, which is the averaged d for

the confining pressures of 50, 100, 200 and 400 kPa. The values of the fitting parameters

A, n and di,avg are listed in Table 6.2.

It is known that materials with angular grains have larger void ratios than materials

with round grains at similar relative densities (Cho et al. 2006; Sarkar et al. 2019b).

Consequently, a sample of angular material has a smaller number of grains in a given

volume. At the same time, angular materials are highly irregular in shape, which means a

higher number of contacts between grains in a given volume, occasionally having multiple

points of contacts between two grains (Tian et al. 2018). Furthermore, for increasing

densities in angular materials, the normal contact forces between grains decrease but

the number of force chains increases (Liu & Yang 2018) - this results in a faster wave

transmission, and consequently, a larger vs. For round grains, as the magnitudes and the

difference between emax and emin are comparatively smaller than the corresponding values

for angular materials, there is not a significant change in the number of contacts between

a loose and dense specimen, and consequently the magnitude of the normal contact forces.

Thus, the variation of vs with density is comparatively smaller than for an angular material

- this results in a flatter slope in the vs − e curve (refer to Figs. 6.4a-c), which is also

evident from the magnitude of the fitting parameter d in Table 6.2.
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Figure 6.4: vs vs. e and normalized vs vs normalized p
′

curves for the tested materials: (a) and

(b) crushed glass, (c) and (d) Rhein sand, and (e) and (f) round glass beads. Solid lines represent

the curves from a fitting of Eq. 6.1b with individual d for each pressure step, while dashed lines

are drawn using the di,avg values

In Fig. 6.5, the variation of vs against the different shape descriptors considering the

extreme confining pressures and densities in the range 0.51 − 0.58 are shown, with the

solid circles and squares denoting p
′

= 50 and 400 kPa respectively. The shear wave

velocities are lowest for the angular glass, whereas largest for the round glass beads as

explained previously. A decreasing trend for vs with a negative slope was observed for some

shape parameters (aspect ratio and concavity) while the others displayed an increase in

vs with increase in the morphological parameter.
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Fig. 6.6 shows the variation of the fitting parameter di,avg against different grain shape

descriptors. Comparing the results using a simple regression analysis yields a similar

trend throughout, with certain parameters showing a significantly higher R2 (R2 > 0.85)

than the others (0.50 < R2 < 0.85). In particular, the grain roundness (Fig. 6.6j), be-

ing a medium scale parameter which considers the various rounded edges and corners,

apparently seems to be a contender for one of the best shape parameters to character-

ize vs. Generally all other parameters especially the aspect ratio, compactness, R-Factor,

Mod-Ratio, circle-ratio, perimeter and width-to-length ratio sphericity are also capable

in general to capture the variation of vs with grain shape. It may be concluded that since

the R2 values are quite high for all the parameters, this implies that the most significant

grain shape parameters to describe the shear wave velocities in soils remains vague and

no clear recommendation for the choice of certain parameters can be given.

Similarly, the variation of the parameter n against the shape descriptors is shown in Fig.

6.7. A brief look in various past studies on the small-strain shear stiffness of granular

materials shows that the relation between n and grain shape is not clear and the influence

is thought to be minimal since it randomly varies between 0.44 and 0.67 (Altuhafi et al.

2016). In the present study, it must be stressed upon that the variations result only from

the variation in grain shape. Cho et al. (2006) showed a decrease of n with increasing

roundness although their study compared two different gradations which may have affected

their results. The studies of Payan et al. (2016) on Gmax suggested a decrease of n with

increasing regularity ρ and decreasing Cu. For the case of vs, it should be considered that

the values of n are halved as compared to Gmax. In the data of the present study (Fig.

6.7), a clear variation of n with the various grain shape parameters is not seen, which is

in accordance with the observations of Altuhafi et al. (2016). Therefore, along with the

fitting parameter A, the parameter n is not discussed further considering the minimal

influence of grain shape. Instead, only the variation of the parameter d of the void ratio

function denoting the dependence of vs on e is discussed henceforth.

6.2.3 Applicability of other shape descriptors on the Krumbein &

Sloss (1963) chart

It is well known that the popular chart of Krumbein & Sloss (1963) incorporates only the

medium scale parameter roundness and the macro scale parameter sphericity, commonly

thought of as the circle-ratio sphericity (Cavarretta 2009). However, other combinations

of medium and macro scale parameters can also be similarly assessed. For the macro
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Figure 6.5: Variation of vs against various shape descriptors considering the minimum and

maximum confining pressures tested

scale shape descriptors that assess the grain shape purely based on the overall form, one

can use the following parameters: area sphericity (SA), diameter sphericity (SD), circle-

ratio sphericity (SC), width-to-length ratio sphericity (SWL), perimeter sphericity (SP ),

aspect ratio (Ar), Circularity (Circ), Compactness (Comp), R-Factor (RF ), Mod-ratio
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Figure 6.6: Variation of the fitting parameter di,avg of the void ratio function against various

shape descriptors

(MR) and Rectangularity (Rect). The medium scale parameters accounting for the various

rounded edges are the roundness (R), solidity (So), concavity (Cv) and convexity (Cx).

An attempt was made to characterize the various combinations of grain shape parameters

keeping the medium scale parameter on the x-axis and the macro scale parameter on the
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Figure 6.7: Variation of the pressure coefficient n against various shape descriptors

y-axis. At first, the extreme four shapes as denoted previously in Fig. 3.6 are considered.

The values of the various parameters are listed in Table 6.3.
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Table 6.3: Values of the various grain shape descriptors for the four extreme corner particles in

the Krumbein & Sloss (1963) chart

Material Ar Circ Cv Cx Comp RF So MR

A 1.265 0.816 165.5 0.950 0.88 0.926 0.977 0.745

B 1.277 0.853 76.5 0.943 0.881 0.899 0.987 0.745

C 2.078 0.683 121.5 0.954 0.677 0.782 0.954 0.33

D 2.249 0.585 122.0 0.942 0.600 0.74 0.946 0.335

Material Rect R SA SD SC SP SWL ρ

A 0.769 0.170 0.830 0.911 0.800 0.962 0.841 0.485

B 0.778 0.900 0.814 0..902 0.780 0.990 0.775 0.840

C 0.749 0.870 0.800 0.708 0.420 0.886 0.433 0.645

D 0.637 0.160 0.399 0.632 0.410 0.834 0.404 0.285

Comparing the values of the various parameters, certain observations are possible: the first

is that the bandwidth of certain macro scale parameters namely Circ, Comp, Rect, SD,

SP falls within 0.5-1 for these four shapes. That means the sensitivity of these parameters

is lower than for example in case of SC (0.41-0.80) or MR (0.335 − 0.745), where the

bandwidth is larger, thus encompassing a wider range for describing grain shape. Also

it is to be noted that instead of having two different parameters Ar and SWL, it is

possible to use only one of them, preferably SWL, since the limits are well defined between

0 and 1 unlike Ar which goes upwards from 1 and eventually takes very large values

consequently implying a very small SWL. Also, the regularity factor, being a function

of R and SC is not considered as it is not an independent parameter. Furthermore, the

medium scale properties except roundness and concavity have a very narrow range, for

example, RF and Cx, both of which falls between 0.74 and 1. Furthermore, the Cv values

for three grains are similar whereas the grain shapes are obviously distinctly different.

Thus, with respect to for the medium scale parameter, roundness seems to be the best

choice considering the various advantages mentioned above. Therefore, in the following

sections only combinations of R as the medium scale parameter and SA, SC , MR and

SWL as the macro scale descriptors are considered.
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6.2.4 Characterizing the chosen most influencing parameters using

the grain shape distribution curve

Generally, in literature, researchers have used the average values of various grain shape

parameters (Cox & Budhu 2008; Zheng & Hryciw 2016). However, certain materials have

a wider range of grain shapes compared to others. For example, the crushed glass used

in this study is well distributed across various grain shapes, with roundness R ranging

from values of 0.2 − 0.3 to 0.5 − 0.6. Merely considering the average (R = 0.32) would

imply a generalization of the grain shape without paying any attention to the extreme

values. Thus, the contribution of the grains with extreme shape values is possibly not

correctly accounted for, which may lead to over- or underestimation of the parameters

under investigation. As discussed in the previous section, certain shape parameters in the

medium and macro scale are able to capture the grain shapes considered in the chart of

Krumbein & Sloss (1963) which are R, SA, SC , MR and SWL. In the subsequent sections, a

new characterization accounting for the grain shape distribution taking into consideration

the parameters selected is demonstrated.

The grain shapes are quantitatively sorted into various classes ranging from the least to

the highest value of a certain shape descriptor. For example, for roundness, classes with

an interval of 0.1 were defined, starting from 0.2 until 1. The number of grains falling into

each category was then determined. Considering the class mean on the horizontal axis,

the grain shape distribution curves were further determined, which are shown for the five

chosen variables in Fig. 6.8.

From the first glance, a couple of observations are clear: the grain shape parameters vary

more widely for the crushed glass and the Rhein sand compared to round glass beads.

Thus, using an analogy with the grain-size distribution curve, the shape of the crushed

glass and the natural sand is more ‘well-graded’, while the round glass is uniformly shaped

or ‘poorly-graded’. Similar to the size distribution charts, shape uniformity coefficient

(Su), defined as the ratio of the shape value at 60% and the shape value at 10%, and

mean shape (S50), denoting the shape value at 50%, were determined. These values are

listed in Table 6.4. The S50 values were found close in magnitude to the average grain

shape. It is clear that the Su values of all considered shape parameters get larger from

the round glass over the natural sand to the crushed glass, i.e. the inclination of the grain

shape distribution curves increases.

The variation of the fitting parameter di,avg collected in Table 6.2 against the S50 and

Su values of the five chosen shape descriptors has is in Fig. 6.9. In terms of data fitting
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Figure 6.8: Grain shape distribution curves for the three materials considering the five most

influencing parameters discussed previously

using linear regression, a strong performance is seen from the chosen parameters. For the

medium scale descriptor roundness, the correlation is even better for Su than for S50. In

the macro scale, SU of SWL provides the best fit out of the four chosen parameters. Thus,

the roundness and the width-to-length ratio sphericity may be considered as the most

influencing grain shape parameters when considering only the uniformity of the grain

shape distribution curve. However, it should be stressed that mean grain shape and shape
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Table 6.4: Mean grain shape and shape uniformity coefficient for the five chosen parameters

Parameter
Crushed glass Rhein sand Round glass

Su [-] S50 [-] Su [-] S50 [-] Su [-] S50 [-]

Roundness (R) 1.55 0.43 1.44 0.63 1.18 0.87

Area sphericity (SA) 1.56 0.52 1.28 0.71 1.02 0.97

Circle-ratio sphericity (SC) 1.63 0.54 1.21 0.72 1.02 0.98

Width-to-length ratio sphericity (SWL) 1.39 0.59 1.27 0.77 1.10 0.95

Mod-Ratio (MR) 1.50 0.58 1.38 0.80 1.03 0.97

uniformity coefficient should be always considered simultaneously, because they describe

two different aspects of the grain shape distribution curve.

6.3 Influence of particle characteristics on the stiffness

and damping ratio

To assess the influence of grain shape and uniformity coefficient Cu on the small-strain

stiffness, modulus degradation and damping ratio of granular soils, the six materials with

same d50 (=0.42 mm), two different Cu values (1.25 and 5) and three different grain

shapes (angular crushed glass, sub-angular Rhein sand and round glass beads) known

from previous chapters were studied. RC tests under two modes of vibration, torsional

and axial, were performed to measure the shear and elastic stiffnesses respectively. For each

mode of vibration a separate sample was necessary. On each material at least three air-

pluviated specimens with different densities were tested and each specimen was subjected

to four confining pressures in succession, p
′

= 50, 100, 200 and 400 kPa. While the small-

strain stiffness was measured at all four pressures, the stiffness and damping at larger

strains were tested only for p
′
= 100 and 400 kPa. An overview of all the tests performed

is given in Table 6.5.

6.3.1 Maximum shear modulus, Gmax

Influence of e, p
′

and Cu on Gmax

The variation of the maximum shear modulus at small-strains Gmax against e is shown

for the different p
′

in Fig. 6.10. An increase in e clearly leads to a decrease in the value
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Figure 6.9: Variation of di,avg against the S50 and Su values of the five selected shape parameters:

(a) and (b) Roundness R, (c) and (d) Area sphericity SA, (e) and (f) circle-ratio sphericity SC ,

(g) and (h) Mod-ratio MR, and (i) and (j) width-to-length ratio sphericity SWL

of Gmax for all the tested materials. Also, increasing p
′

results in increasing Gmax. Both

measured tendencies are well-known from various past studies. The angular materials

have comparatively lower Gmax as compared to the round glass beads at similar relative

densities, possibly due to the fact that the void ratio limits of glass beads are smaller than

those of angular glass.



6.3 Influence of particle characteristics on the stiffness and damping ratio 205

Table 6.5: Details of the RC tests on the six materials including both axial and torsional modes

of vibration

Material Cu
Axial Torsional

Material Cu
Axial Torsional

ID e ID e ID e ID e

Crushed

glass
1.25

0.27 1.025 0.26 1.030

Crushed

glass
5

0.30 0.874 0.33 0.858

0.45 0.939 0.43 0.950 0.46 0.79 0.50 0.722

0.70 0.823 0.69 0.826 0.62 0.703 0.74 0.642

0.87 0.742 0.90 0.729 0.92 0.544 0.95 0.530

Rhein

sand
1.25

0.29 0.803 0.35 0.781

Rhein

sand
5

0.27 0.736 0.28 0.731

0.53 0.724 0.50 0.734 0.42 0.681 0.52 0.644

0.73 0.657 0.82 0.628 0.76 0.559 0.72 0.574

0.91 0.598 0.92 0.596 0.90 0.509 0.96 0.485

Round

glass
1.25

0.28 0.697 0.35 0.687

Round

glass
5

0.26 0.494 0.19 0.504

0.31 0.692 0.56 0.654 0.46 0.470 0.51 0.455

0.33 0.690 0.75 0.623 0.91 0.395 0.62 0.439

0.48 0.665 0.98 0.586 - - 0.87 0.403

0.70 0.631 - - - - - -

0.87 0.605 - - - - - -

0.89 0.600 - - - - - -

The influence of Cu on Gmax is evident from Fig. 6.11. For the same e, the Gmax values

obtained for the well-graded materials are lower than those for the uniform materials.

A brief look at literature reveals similar observations, where an increase in Cu resulted

in decreasing Gmax (Iwasaki & Tatsuoka 1977; Hardin & Kalinski 2005; Wichtmann &

Triantafyllidis 2009; Senetakis et al. 2012; Payan et al. 2016; Payan 2017).

Influence of grain shape on Gmax

In Fig. 6.12 a comparison of the Gmax values for the six materials under two different

p
′

is provided. Clearly, for both stress levels, at similar relative density ID and Cu, the

angular crushed glass has the least magnitude of Gmax while the glass beads show the

largest values. It is interesting to note that although the regularity ρ of Rhein sand is

closer to angular glass, the Gmax values are surprisingly closer (and on occasions larger)

to those of glass beads. This might be a result of the surface roughness, the influence of

which was not considered in the present research.
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Figure 6.10: Variation of Gmax against e for the six tested materials. CG, Rhein and RG refers

to crushed glass, Rhein sand and glass beads with the number next to them denoting the Cu

values. Solid lines are plotted using the Jamiolkowski void ratio formulation while the dashed

lines are using the Hardin void ratio formulation using the averaged value of the fitting parameter

d̄i or x̄i
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Figure 6.11: Influence of Cu on Gmax: (a) crushed glass, (b) Rhein sand, and (c) glass beads

6.3.2 Maximum Young’s modulus, Emax

Influence of e, p
′

and Cu on Emax

Similar to Gmax, Fig. 6.13 shows the maximum elastic modulus (Young’s modulus) Emax

(strain amplitude εampl < 10−6) versus the void ratio e. The same p
′

as in the case of

Gmax were tested. An increase in Emax with decreasing e and increasing p
′

is evident,

matching the trends observed for Gmax. In terms of the absolute magnitude at similar

relative densities, the Emax for angular glass beads are relatively lower than for the other

two materials. Surprisingly, the Emax for Rhein sand is slightly larger than that of glass

beads for both gradations. Like in the case of Gmax, the uniform materials show slightly
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Figure 6.12: Comparison of the Gmax for the three grain shapes considering both Cu values

against ID for two p
′

= 100 and 400 kPa

larger Emax as compared to the well-graded ones, although the differences are quite small

for Rhein sand and glass beads, while being larger for angular glass.

Influence of the grain shape on Emax

In order to facilitate a direct comparison with respect to the influence of the grain shape

on the maximum elastic modulus, the Emax − ID data for the materials with both Cu

(=1.25 and 5) and for two different pressures (p′ = 100 and 400 kPa) are provided in Fig.

6.14. Considering a constant relative density, for both Cu values and both pressure levels,

the Emax values of the glass beads are the highest (with a few exceptions, e.g. Fig. 6.14a

at relative densities greater than 0.70), while those of the crushed glass are the least (also

with some exceptions, e.g. Fig. 6.14a at relative densities lower than 0.40). The values

of the natural sand lie in between, but much closer to the glass beads. Generally, the

difference between the Emax values for the three different grain shapes is larger for the
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Figure 6.13: Variation of Emax against e for the tested materials. CG, Rhein and RG refers to

crushed glass, Rhein sand and glass beads with the number next to them denoting the Cu values.

Solid lines are plotted using the Jamiolkowski void ratio formulation while the dashed lines are

using the Hardin void ratio formulation using the averaged value of the fitting parameter d̄i or

x̄i

well-graded materials (Cu = 5) than for the uniform ones (Cu = 1.25). The results show
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that at a certain stress level, the change in the magnitude of Emax for crushed glass across

various relative densities is the least as compared to the other materials, especially for

the well-graded crushed glass, thereby yielding a flatter curve.

(a) 

 

(b) 

 
(c) 

 

(d) 

 

 
Figure 6.14: Comparison of Emax versus relative density for the three different grain shapes

and two Cu values for p
′

= 100 and 400 kPa

Table 6.6: Fitting parameters of the empirical equations for Gmax and Emax respectively for

the six materials using either Hardin or Jamiolkowski void ratio functions

Material p
′
[kPa]

Gmax −Hardin Gmax − Jamiolkowski
Ki xi x̄i Ai ni Ki di d̄i Ai ni

Crushed

glass

(Cu = 1.25)

50 26.50 2.75

2.71 37.57 0.46

42.00 1.50

1.48 54.85 0.46
100 34.50 2.75 55.00 1.50

200 60.00 2.60 80.00 1.50

400 68.00 2.75 107.00 1.40

Rhein

sand

(Cu = 1.25)

50 45.00 2.28

2.32 59.04 0.44

36.00 1.60

1.38 54.79 0.44
100 60.00 2.31 51.00 1.55

200 78.00 2.35 72.00 1.45

400 107.00 2.32 100 1.35
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Table 6.6 continued from previous page

Round

glass

(Cu = 1.25)

50 21.00 2.75

2.80 30.45 0.55

31.00 1.25

1.20 50.41 0.55
100 29.00 2.84 50.00 1.22

200 46.00 2.75 72.00 1.16

400 58.00 2.84 102 1.15

Crushed

glass

(Cu = 5)

50 15.00 2.90

2.85 21.33 0.52

29.00 1.05

1.01 39.55 0.52
100 22.00 2.90 42.00 1.02

200 35.00 2.70 59.00 0.95

400 42.00 2.88 81.00 1.01

Rhein

sand

(Cu = 5)

50 37.00 2.28

2.32 47.67 0.48

39.00 0.92

0.90 54.64 0.49
100 48.00 2.31 59.00 0.85

200 64.00 2.35 78.00 0.91

400 92.00 2.32 105 0.92

Round

glass

(Cu = 5)

50 36.00 2.00

2.10 47.27 0.56

38.00 0.55

0.59 55.15 0.56
100 47.00 2.12 57.00 0.57

200 67.00 2.11 81.00 0.58

400 97.00 2.15 113 0.65

Material p
′
[kPa]

Emax −Hardin Emax − Jamiolkowski
Ki xi x̄i Ai ni Ki di d̄i Ai ni

Crushed

glass

(Cu = 1.25)

50 15.60 5.20

5.88 16.25 0.44

142 0.75

0.71 196.5 0.44
100 20.50 5.30 195 0.72

200 21.50 6.00 270 0.75

400 19.00 7.00 355 0.60

Rhein

sand

(Cu = 1.25)

50 221 1.90

2.18 195.71 0.39

105 1.60

1.39 151.06 0.38
100 205 2.15 150 1.40

200 240 2.20 205 1.30

400 230 2.45 270 1.25

Round

glass

(Cu = 1.25)

50 125 2.15

2.15 175.59 0.48

98 1.30

1.37 132.39 0.48
100 180 2.15 138 1.35

200 255 2.15 185 1.38

400 345 2.15 246 1.45

Crushed

glass

(Cu = 5)

50 10.00 5.00

5.63 9.87 0.42

82 0.63

0.58 113.67 0.43
100 13.50 5.00 116 0.62

200 13.50 5.50 151 0.58

400 11.00 7.00 220 0.50

Rhein

sand

(Cu = 5)

50 51.00 2.90

3.10 58.58 0.42

105 0.88

0.89 143.76 0.42
100 59.00 3.10 145 0.91

200 72.00 3.20 195 0.90

400 96.00 3.20 255 0.88

Round

glass

(Cu = 5)

50 54.00 2.45

2.49 107.03 0.46

62.00 1.05

0.85 155.09 0.46
100 74.00 2.55 112 0.88

200 110 2.50 190 0.65

400 158 2.45 225 0.80
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6.3.3 Analysis of results for small strains

The well-known formula of Hardin & Black (1966) (refer Eq. 2.21) is used along with

the two void ratio functions of Hardin & Black (1966) (Eq. 2.22) and Jamiolkowski et al.

(1991) (Eq. 2.24) to describe the variation of Gmax and Emax with respect to e and p
′
. The

parameters obtained by curve-fitting to the data in Figs. 6.10 and 6.13 are summarized

in Table 6.6. The dashed and solid lines in Figs. 6.10 and 6.13 denote the predictions

given by the empirical equations using the Hardin or Jamiolkowski void ratio functions

respectively. The averaged values of xi or di (denoted as x̄i and d̄i) obtained for the four

different pressures p
′

was considered in the subsequent analysis for obtaining the pressure

dependency parameters Ai and ni. For that purpose Gmax or Emax were normalized with

respect to the void ratio function f(e) using x̄ and d̄. Only results using the Jamiolkowski

f(e) function are discussed further.

Variation of d̄i and ni against grain shape and gradation for Gmax and Emax

As evident from Table 6.6, for the two different Cu values, the magnitude of d̄, describing

the variation of Gmax and Emax with void ratio e, generally decreases as the grains become

more round. To facilitate a direct comparison, the variation of d̄ and ni against the

regularity factor ρ for Gmax in uniformly-graded materials (Cu = 1.25) is shown in Fig.

6.15. A decrease of d̄ with regularity is evident for the materials with a Cu = 1.25 in Fig.

6.15a. Likewise, the same trend is also seen for the case of Cu = 5 (refer Table 6.6). Also,

going by the trendline, an increase of the stress exponent ni with regularity is visible from

Fig. 6.15b although this is debatable since ni of Rhein sand is the least. Therefore, it is

difficult to draw a definitive conclusion in this regard unlike the case of d̄. The trend of

these two fitting parameters for Emax are in lines with those observed for Gmax as evident

from Figs. 6.16a and b.

To assess the influence of gradation on Gmax, Figs. 6.15c and d show the fitting parameters

against Cu. A decrease of d̄ with increasing Cu in Fig. 6.15c is evident, while the trend is

less clear in the case of ni. It seems that the ni for Gmax remains almosts constant for glass

beads (Fig. 6.15d), but slightly increases with Cu for the other two materials. For Emax

(Fig. 6.16c), d shows a similar decreasing trend with increasing uniformity as in case of

Gmax, although the inclination is less for crushed glass. The parameter ni for Emax (Fig.

6.16d) decreases with Cu for glass beads, remains practically same for Rhein sand, but

increases for angular glass. Thus, from the present set of observations, it is not possible
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(a) 

 

(b) 

 
(c) 

 

(d) 

 
 

Figure 6.15: Variation of the fitting parameters d̄i and ni for Gmax with regularity and unifor-

mity coefficient, considering only Cu = 1.25 (a, b) or Cu = 1.25 and 5 (c, d)

to draw a definite conclusion regarding the influence of grain shape and gradation on the

pressure exponent n.

6.3.4 Analysis of results for small to intermediate strains

To assess the influence of grain shape and gradation at small to intermediate strains

in both the torsional and axial modes of vibrations, the model of Stokoe et al. (1999)

(refer Eq. 2.31) has been used to capture the variation of G/Gmax or E/Emax against the

shear or axial strains γ and ε, respectively. For the damping, the formulation adopted by

Goudarzy et al. (2018) (Eq. 2.34) is applied. As previously mentioned, the reference shear

strain γr is defined as the γ at G/Gmax = 0.5. The second fitting parameter α defines

the transition point denoting the elastic limit shear strain γel: a higher value of α at a

constant γr would push the elastic strain limit to the right resulting in higher values of γ.

The fitting parameters M and N in Eq. 2.34 play a similar role, both together defining

the slope of the D(γ)− γ curve. The same equations can be applied for the case of E as
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(a) 

 

(b) 

 
(c) 

 

(d) 

 
 

Figure 6.16: Variation of the fitting parameters d̄i and ni for Emax with regularity and unifor-

mity coefficient, considering only Cu = 1.25 (a, b) or Cu = 1.25 and 5 (c, d)

well after suitable modifications. Therefore, the following sub-sections discuss the shear

modulus degradation, elastic modulus degradation and damping curves obtained from the

tests with torsional and axial modes of vibration.

Influence of e, p
′

and gradation on G(γ)/Gmax and D(γ)

The influence of the void ratio e or relative density ID on the G/Gmax curves was observed

to be minimal for a certain material as discussed previously for a given p
′

based on the

experimental data using glass beads in Rüscher (2019). This is confirmed once more by

the data for the round glass beads (Cu = 5) in Fig. 6.17a, where all the G/Gmax curves

for varying ID fall together at p
′

= 400 kPa. However, a change in p
′

has a significant

influence as observed in Fig. 6.17b: an upwards shift of the G/Gmax curve with increasing

p′ for similar γ is visible. Similarly, the influence of e and ID on damping ratio D seems

negligible for a certain material at a given p
′
, which was already demonstrated in Rüscher

(2019). For a p
′
= 400 kPa, Fig. 6.17c confirms no influence of varying ID on D, whereas
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an increase in p
′

in Fig. 6.17d results in a decrease in D. The dashed and solid lines show

the predictions by the Stokoe and Goudarzy models for G(γ)/Gmax and D(γ) respectively,

with the fitting parameters listed at a later section.
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Figure 6.17: Influence of the void ratio e / relative density ID and mean effective stress p
′

on

(a) and (b) G(γ)/Gmax, and (c) and (d) D(γ) curves for well-graded glass beads. The same

observations are equally applicable for the other materials

Regarding the influence of gradation, Fig. 6.18 shows the variation of the G/Gmax − γ

and D−γ curves for two dense specimens of the tested materials with either Cu = 1.25 or

5 subjected to a p
′

of 100 kPa. The decrease in the G/Gmax for the well-graded mixture

of angular glass (Fig. 6.18a) is slightly faster as compared to the uniform one. The same

trend can be found for Rhein sand and glass beads (Fig. 6.18c and e). For the damping of

angular glass and round glass (Figs. 6.18b,f), the uniform mixture shows slightly higher

damping at a similar γ compared to the well-graded material. However, for Rhein sand,

the opposite trend was noted (ref. Fig. 6.18d), which could again be due to the influence

of surface roughness.
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Figure 6.18: Influence of the gradation on (a) G(γ)/Gmax and (b) D(γ) curves for all materials

compared under a p
′

= 100 kPa

Influence of grain shape on G(γ)/Gmax and D(γ)

Using the best-fit parameters of the Stokoe and Goudarzy models to describe G(γ)/Gmax

and D(γ) variation in granular soils, a comparison on the influence of grain shape is
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provided in Fig. 6.19 for p
′
= 100 kPa. In Fig. 6.19a, only the uniformly graded materials

are considered. It is clear that the variation in the G/Gmax with shear strain for the

crushed glass is visibly different from that of the others, generally showing higher values

at larger strains in the range between γ =10−5 and 10−3. For the Rhein sand and glass

beads, the reduction of G/Gmax with increasing γ is similar. A similar observation is noted

for the well-graded mixtures in Fig. 6.19b, with the reduction of G(γ)/Gmax being slowest

in case of angular glass. This implies that the reference shear strains γr for such angular

materials are larger than for more rounded materials.
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Figure 6.19: Influence of the grain shape on (a) and (b) G(γ)/Gmax, and (c) and (d) D(γ)

curves for the six materials compared at p
′

= 100 kPa. The curves are generated by Eqs. 2.31

and 2.34 using the fitting parameters in Table 6.6

The variation of D with γ using the fitting parameters of the Goudarzy damping model

leads to similar conclusions as for G/Gmax: although the initial minimum damping is

similar for the tested materials, at increasing γ, the damping increases faster for the

Rhein sand and glass beads compared to the angular glass. It is interesting to note that

the increase of D particularly for the well-graded Rhein sand is faster than for glass beads
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Figure 6.20: Influence of the (a) and (b) ID for Rhein sand (Cu = 1.25), (c) and (d) p
′

for

crushed glass (Cu = 5), (e) and (f) gradation for glass beads under a constant p
′

= 100 kPa,

and (g) and (h) different grain shapes on the E/Emax − ε and D − ε curves obtained from the

various RC tests with axial excitation
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although for the uniform mixtures (Fig. 6.19c), the predicted D at γ = 10−3 for glass

beads is slightly larger.

Influence of e, p
′

and gradation on E(ε)/Emax and axial damping ratio D(ε)

Following a similar trend to the results for the torsional mode of vibration, Fig. 6.20 shows

the influence of various parameters on the elastic modulus degradation and damping

curves. The influence of the void ratio (or relative density) is negligible on both the

E/Emax − ε and D − ε curves as in the case of the torsional tests, being evident in the

results for the uniformly graded Rhein sand subjected to p
′
= 100 kPa shown in Fig. 6.20a

and b. In accordance with the data for the torsional mode of vibration, the reduction in

E/Emax and the increase in D with increasing axial strain ε is lower at higher p
′
, leading

to a considerably higher E/Emax and lower D at similar ε as can be seen for the angular

glass specimen with a relative density of 0.62 in Figs. 6.20c and d). It must be mentioned

that the small fluctuations observed for D at p
′
= 100 kPa for very small ε are a result of

noises arising from the device, and with increasing p
′
, the noises become lesser, which is

why the same is not observed for a p
′
= 400 kPa.

Regarding the influence of gradation in Figs. 6.20e and f, the reduction in E/Emax with

increasing axial strain is larger for the well-graded glass beads than for the uniform glass

beads, implying that at a similar ε, the E/Emax for the well-graded material at larger axial

strains are lower than for the poorly graded one. However, for the variation of damping, at

smaller ε ,the D for the well-graded beads seems to be slightly larger than for the uniform

beads, but as axial strain increases, both curves become closer, although in general the

damping for the well-graded material seems slightly higher than for the uniform one. This

observation seems contrasting to the variation of D observed in the case of torsional mode

for glass beads although the variation of E/Emax follows a similar trend as G/Gmax.

Influence of grain shape on E(ε)/Emax and axial damping ratio D(ε)

The trend for the variation of the elastic modulus degradation and damping curves with

varying grain shape for the well-graded materials seems clearer (see Figs. 6.20g and h),

with the angular material showing the maximum E/Emax at a given ε as well as the

minimum D. The data for round glass beads show a reverse trend, with the least E/Emax

and maximum D at a given ε, generally matching well with the observations from torsional

tests.
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Table 6.7: Fitting parameters to describe the variation of the shear and elastic modulus with

shear or axial strain for the torsional (under both p
′

= 100 and 400 kPa) and axial (only under

p
′

= 100 kPa) modes of vibration applying the models of Stokoe (Stokoe et al. 1999) and

Goudarzy (Goudarzy et al. 2018)

Material Cu p
′
[kPa]

Torsional mode: G(γ)/Gmax and D(γ)

Stokoe model Goudarzy model

α [-] γr [-] Dmin [-] M [-] N [-]

Crushed glass

1.25

100

0.99 8.90× 10−4 0.0113 25.75 1.64

Rhein sand 0.91 5.29× 10−4 0.0066 28.00 1.15

Round glass 1.00 5.07× 10−4 0.0089 26.00 1.40

Crushed glass

5

1.35 5.55× 10−4 0.0053 24.50 1.40

Rhein sand 0.93 4.47× 10−4 0.0068 31.50 1.30

Round glass 1.05 4.53× 10−4 0.0088 18.50 1.50

Crushed glass

1.25

400

1.05 1.63× 10−3 0.0078 31.50 1.51

Rhein sand 0.94 1.10× 10−3 0.0065 18.33 1.10

Round glass 0.98 1.06× 10−3 0.0053 20.75 1.03

Crushed glass

5

1.32 9.43× 10−4 0.0062 16.25 1.28

Rhein sand 0.97 8.16× 10−4 0.0067 20.00 1.15

Round glass 1.06 9.40× 10−4 0.0066 11.75 0.90

Axial mode: E(ε)/Emax and D(ε)

Stokoe model Goudarzy model

α [-] εr [-] Dmin [-] M [-] N [-]

Crushed glass

1.25

100

1.00 1.45× 10−3 0.0170 120.00 1.60

Rhein sand 0.60 1.10× 10−3 0.0021 150.00 0.95

Round glass 0.90 5.50× 10−4 0.0015 350.00 1.65

Crushed glass

5

1.00 3.78× 10−4 0.0030 150.00 1.87

Rhein sand 0.95 3.50× 10−4 0.0059 75.00 1.58

Round glass 1.07 2.80× 10−4 0.0113 19.00 1.50

Based on the fitting parameters for the torsional (both under p
′
= 100 and 400 kPa) and

axial modes (only under p
′

= 100 kPa) of vibration representing the G/Gmax or E/Emax

and D versus γ or ε curves (Table. 6.7), the main observations are as follows:

1. The magnitude of the reference shear or axial strain γr and εr increases with in-

creasing angularity irrespective of gradation.
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2. The slope of the degradation curves represented by α is also dependent on the grain

size, and can be inferred from the degradation of G or E curves for the tested

materials.

3. A clear trend with respect to the influence of grain shape or gradation on the

minimum damping Dmin is not apparent with the present set of results.

4. The variation of M for differing grain shapes seems random, while the N generally

takes larger values for angular materials.

5. The reference shear or axial strains are generally larger for uniformly graded soils

than for well-graded ones. With respect to α, no definite trend is seen. Initial Dmin

values for uniformly graded materials are slightly larger than for the well-graded

ones. Also, the value of N generally decreases with increasing Cu, while no specific

variation of M is presently noticeable.

6.4 Summary

In this chapter, the influence of grain shape and gradation on the dynamic properties of

granular soils was thoroughly analyzed and discussed. The main conclusions are as listed

below:

• An attempt was made to investigate the efficiency of various grain shape param-

eters both in medium and macro scale to capture the variation of the shear wave

velocity of granular materials. The shape distribution curve to capture the variation

of grain shapes accurately, particularly in well-graded materials was proposed, and

its effectiveness was validated through strongly capturing the influence of void ratio

e (represented by the fitting parameter d) on vs.

• At similar values of void ratio and mean effective stress,Gmax is comparatively higher

for uniformly graded materials as compared to well-graded materials. The Gmax and

Emax for round materials are larger than for angular materials. No influence of void

ratio e on the modulus degradation and damping curves was encountered presently,

while modulus degradation is less and damping ratio is lower for higher pressures

p′.

• The reference shear or axial strains are larger for angular materials compared to

round materials, as well as for poorly-graded (uniform) materials compared to well-

graded ones. The influence of grain shape on Dmin is insignificant based on the
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results of the present study. In addition, the influence of grain shape and gradation

on certain fitting parameters was assessed.



7 Micro- and macromechanical

outlook: DEM and SANISAND

While the previous chapters predominantly focused on the analysis of soil behavior ob-

served in various laboratory tests, the present chapter considers the micro- and macrome-

chanical implications using the experimental results. To facilitate the micro-mechanical

interpretations, the discrete element method (also referred to as distinct element method

and usually abbreviated as DEM) is employed, while the elastoplastic SANISAND con-

stitutive model considers the macromechanical (continuum) point of view. Finally, based

on the experimental results from the RC device, a ground response analysis considering

ground composed of granular soils with different particle shape subjected to earthquake

motion was performed.

7.1 Discrete Element Method

First introduced by Cundall & Strack (1979), the discrete element method represents a

numerical tool capable of describing the mechanical behavior of assemblies of discs and

spheres. The biggest advantage of DEM is that the interaction of the particles is monitored

contact by contact and the motion of the particles is modelled particle by particle. Thus,

with DEM, it is possible to decribe the properties of granular materials considering their

microscopic physical properties such as grain size, surface friction and rigidity. One of

the biggest drawbacks of DEM is that simulations are time-consuming since every single

particle is treated individually, and the soil is not considered as a continuum unlike in finite

element models. This issue intensifies when simulating different grain shapes. Therefore,

most studies have used round grains with varying surface friction to simulate different

grain shapes, with a higher friction denoting angular materials (Lee et al. 2012).

Nevertheless, in recent years certain advancements have been made to take into consid-

eration the influence of varying grain shapes (Jensen et al. 2001; Nouguier-Lehon et al.

223
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2003; De Bono & Mcdowell 2016; Chang et al. 2017; Zhao et al. 2018; Nguyen et al. 2020a;

Nguyen et al. 2020b). One of the most recent studies by Zhao & Zhao (2021) presents a

novel open-source discrete element code, SudoDEM, for efficient modeling of both 2D and

3D non-spherical particles. Their code is built upon the popular open-source code YADE,

and offers the possibility of generating a rich library of prime particle shapes, including

poly-superellipsoids, superellipsoids, cylinders, cones, polyhedrons for 3D and disks and

superellipses for 2D. More complex particle shapes can also be generated through clump-

ing. Therefore, for it’s ease of usage, in the present study, the author has adopted this

code for simulating monotonic drained and undrained triaxial tests.

7.1.1 Simulating the three different grain shapes

To simulate the three grain shapes, the simplest approach using SudoDEM is the option

of considering the grain aspect ratio Ar to model various angularity. As mentioned in the

previous chapter (Chapter 6), the values of Ar calculated using ImageJ for the crushed

glass, Rhein sand and glass beads were 1.467, 1.241 and 1.048 (refer Table 6.1). For

the sake of simplicity, in the simulations these values are considered as 1.50, 1.25 and

1.00 for the angular glass, Rhein sand and round beads respectively. Thus, the largest

Feret dimension (L) for an angular grain is 1.50 times the Feret breadth (B) measured

perpendicular to the length axis. As a representative volume (RV), a total of 5000 grains

are randomly generated for each simulation. The pictorial representation of the three

materials is shown in Fig. 7.1.

To reduce the complexity of calculation during simulating the triaxial tests, a simple

bidisperse distribution with the mean grain size d50 = 0.45 mm is achieved taking equal

proportions of grains by number having diameters of 0.40 and 0.50 mm. This means

that the grain size distribution was closer to the uniformly graded material used in the

experiments. However, the same gradation has also been used for studying the drained

behavior, while only well-graded mixtures were tested in the experiments. This is assumed

acceptable since certain past studies have shown no or relatively small influence of the

grain size distribution on the q/p′ − ε1 curves analyzed in the following (e.g. Latha &

Sitharam 2008; Harehdasht et al. 2019). Thus, although the consolidated undrained tests

performed in the scope of the present work show some influence of gradation on the

deviatoric stress response, the influence of gradation was neglected for the comparison of

the drained test data just for the sake of simplicity and to reduce computational time. The

density of the simulated particles is considered as 2650 kg/m3. The grains were simulated

using identical values of normal contact (kn = 3 × 104 kN/m) and tangential contact
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Figure 7.1: Schematic representation of the three grain shapes considering different aspect ratios:

(a) crushed glass (Ar = 1.50), (b) Rhein sand (Ar = 1.25) and (c) glass beads (Ar = 1.00)

simulated using SudoDEM

(ks = 3× 104 kN/m) stiffnesses, implying a ratio ks : kn equal to 1 as commonly used in

many previous studies (Kwok & Bolton 2013; Jiang et al. 2018; Zhao & Guo 2013; Nguyen

et al. 2020b). The friction between the grains was varied to obtain different densities, with

a low µ (=0.01-0.1 as an example) corresponding to dense specimens, while higher µ (=0.3

onwards) would imply a loose packing. Since the concept of periodic boundary conditions

is not implemented in SudoDEM at present, rigid frictionless walls (kn = 1 × 106 N/m;

ks = 0; µ = 0) were considered as boundaries.

The process of performing a triaxial test through DEM consists of two major steps:

consolidation to the required void ratio, and the actual process of shearing under drained

or undrained (constant volume) boundary conditions. After the particles are generated in

random, they are isotropically compressed from the initial gas state with the predefined µ

to reach a certain void ratio under a certain confining pressure. The consolidation process

is considered to be completed once the ratio of the unbalanced forces (defined as the

ratio of the kinetic to the potential energy) is lower than 0.01 while also maintaining the

dimensionless inertial number I (a function of the mean grain size, shear rate, effective

stress and grain density) lower than 10−3 (Zhao & Zhao 2021).

Afterwards, the state of the granular soil is saved, and it is subjected to monotonic drained

or undrained triaxial loading. For drained tests, the displacement in the vertical direction

is controlled by a predefined strain rate while keeping constant the lateral stresses. The

volumetric strain εv is calculated as a function of the axial and lateral strains ε1 and ε3 (Eq.

7.1). In the case of undrained tests, the test is controlled by strains only, with no change
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permitted in the εv, resulting in Eq. 7.2. The tests are continued till an axial strain of

25% is reached, similar to the experiments. A schematic representation for the undrained

triaxial test on the glass beads showing the transformation from the post-consolidation

cubic lattice to the final stage at ε1 = 25% is shown in Fig. 7.2.

εv = ε1 + 2ε3 (7.1)

εv = 0 (7.2a)

ε1 = −2ε3 (7.2b)

 
Glass beads: post-consolidation 

 
 

 
 
 

 

 
 
 

 

 

𝜀1 = 12.5% 𝜀1 = 25% 

Figure 7.2: Schematic representation of the transformation of the glass beads from the post-

consolidation state to the final end-of-shear state attained at ε1 = 25% after undrained shearing

Table 7.1: Details of the simulations performed using DEM considering similar ID. The con-

solidated drained and undrained tests have been simulated for the well-graded and uniform

specimens respectively

Material
Aspect

ratio Ar
emax emin e ID

ID-Exp

(CU)

p
′

= 100 kPa

ID-Exp.

(CD)

p
′

= 50 kPa

µi µf

Crushed glass 1.50 0.902 0.423

0.697 0.426 − 0.338 0.30 0.55

0.501 0.84 0.804 − 0.05 0.55

Rhein sand 1.25 0.881 0.545

0.717 0.376 − 0.234 0.28 0.48

0.545 0.77 0.825 − 0.08 0.40

Round glass 1.00 0.848 0.498

0.703 0.417 − 0.317 0.28 0.45

0.568 0.80 0.856 − 0.08 0.30
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7.1.2 Results from DEM

To simulate the monotonic undrained tests and to compare the results to the data for both

uniform and well-graded specimens, DEM simulations were conducted. It is to be noted

that varying the particle gradation does not have any major influence on the inclination

M = q/p
′

of the steady state line as evidenced from the experimental results using two

different Cu values (refer to Chapter 5). As a start, the maximum and minimum void ratios

of the granular materials simulated through DEM are calculated under similar confining

stresses since it is known that the limit void ratios considering extreme values of µ (=0

and 1) vary with stress (Nguyen et al. 2020b). Thus, for the purpose of comparison, the

post-consolidation ID in the experiments was considered as the reference based on which

the ID from DEM simulations was assessed. The maximum and minimum possible values

of the void ratios achievable for the three simulated materials using the limit µ values are

listed in Table 7.1. In addition, different ID were obtained by varying the initial friction

(denoted as µi), with a larger value for loose specimens, but a smaller one for achieving

larger ID. Therefore, the initial friction value is also the friction between grains used

during consolidation. During triaxial compression, different end friction coefficients µf

were used to achieve similar ranges of q and p
′

corresponding to the test completion.

The experimental results were presented in the q − p′
and q − ε1 spaces. However, most

studies in DEM prefer to use the stress ratio q/p
′
instead of q; therefore, the same approach

has been adopted here for the stress-strain relationships.

Consolidated undrained (CU) tests

Fig. 7.3 compares the results obtained from the triaxial tests against the predictions by

DEM considering dense specimens (ID > 0.75) for the uniformly distributed samples. The

M for the angular glass for the dense sample simulated via DEM is around 1.45, while

for the Rhein sand and glass beads, the values are 1.40 and 1.00, respectively. As the ε1

increases, the q − p′
curves show a slight reduction of inclination, which is in contrast to

the experimental data, where the M is almost constant and does not show any change of

inclination even at higher axial strains. In agreement with the experiments the DEM model

shows a slight strain softening behavior at larger strains for all the specimens. However,

even with relative high friction coefficients during shearing, the DEM model predicts peak

q/p′ (i.e. M) values being lower than what is observed in the experiments, especially for

materials having larger Ar values. This observation has also been encountered previously

in the works of Nguyen et al. (2020a) and Nguyen et al. (2020b) employing different



228 7 Micro- and macromechanical outlook: DEM and SANISAND

 

 
Crushed glass 

 

(a) 
 

 
 

 
 

Rhein sand 

 

(b) 
 

 
 

 
 

Glass beads 

 

(c) 
 

 
 

 
 

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

0 5 10 15 20 25

q
/p

' [
-]

ε1 [%]

Exp

DEM

0

200

400

600

800

1000

1200

1400

1600

0 200 400 600 800 1000 1200

q
 [

k
P

a
]

p' [kPa]

Exp

DEM

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

0 5 10 15 20 25

q
/p

' [
-]

ε1 [%]

Exp

DEM

0

200

400

600

800

1000

1200

1400

0 200 400 600 800 1000 1200

q
 [

k
P

a
]

p' [kPa]

Exp

DEM

0

0.2

0.4

0.6

0.8

1

1.2

1.4

0 5 10 15 20 25

q
/p

' [
-]

ε1 [%]

Exp

DEM

0

100

200

300

400

500

600

700

800

900

0 200 400 600 800

q
 [

k
P

a
]

p' [kPa]

Exp

DEM

Figure 7.3: Comparison of the q/p
′ − ε1 and q − p′ responses from the undrained experiments

with those predicted by DEM for the uniformly distributed test materials subjected to initial

p
′

= 100 kPa

particle shapes where the maximum value of q/p
′

was found to be 1.20 for the most

irregular-shaped samples. In the present case, the M values observed at the end of test

(assumed to correspond to the steady state) read 1.25, 1.18 and 0.94 for the crushed glass,

Rhein sand and glass beads, respectively.
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Consolidated drained (CD) tests

In the DEM simulations the consolidated drained tests on loose samples of the well-graded

materials under an initial p
′

of 50 kPa were considered. Fig. 7.4 shows the predicted

q/p
′ − ε1 and volumetric-axial strain (εv − ε1) curves in comparison to the experimental

data.
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Figure 7.4: Comparison of the q/p
′ − ε1 and q − p′ responses from the drained experiments

on well-graded materials with those predicted by DEM for the uniformly distributed materials

subjected to initial p
′

= 50 kPa

For the change in the volumetric strain εv against ε1, the experimental results show a

dilation behavior from the beginning of shearing for glass beads, while contraction followed
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by dilatancy was measured for the other two materials. However, the DEM simulations on

the three different materials all show initial compaction followed by dilatancy. Comparing

the variation of the magnitude of εv between the experiments and DEM, a good agreement

is seen for the crushed glass and glass beads, while the congruence was less satisfying for

Rhein sand without following a specific trend. Nevertheless, the final magnitude of εv at

the end of the test obtained in the simulations was close to the experimental observation.

As in the undrained case, the maximum and final values of the stress ratio q/p measured in

the experiments on the angular glass and the Rhein sand were significantly underestimated

in the DEM simulations.

The biggest difference between the loose drained and dense undrained simulations is the

value of M at the end of the test (ε1 = 25%). While in the case of the undrained tests on

dense specimens of angular glass and Rhein sand the M values evaluated at ε1 = 25% are

1.45 and 1.40, respectively, much lower values were obtained for the loose specimens under

drained conditions, namely, 1.10 and 1.01, respectively. However, the final experimental

M values are reproduced quite well in the simulations for glass beads in both the cases.

7.1.3 Influence of grain shape in both CU and CD tests

To assess the influence of grain shape, the q/p
′− ε1 and q−p′

curves from the simulations

on the samples with the three different grain shapes are plotted together for the drained

and undrained cases in Fig. 7.5. Comparing the plots for both the undrained (Fig. 7.5a)

and drained (Fig. 7.5b) tests, in both cases the q/p
′

against ε1 for crushed glass lies above

the curves for Rhein sand, which is again above glass beads, implying a similar sequence of

the residual strength values at the steady state. Furthermore, this observation is supported

by the magnitudes of the deviator stress reached at ε1 = 25%, as visible from the q − p′
diagrams. The differences between the varying grain shapes are smaller for the drained

case owing to the rather loose initial state of the specimens.

The variations of the peak friction angle φp against the grain shape parameters aspect

ratio Ar and regularity is plotted in Figs. 7.6a and 7.6b respectively. As in the case of

the experiments, the angular crushed glass shows the highest φp and the glass beads the

least. It should be noted that the φp increases with increasing Ar but decreases with

increasing ρ. The trend of the present set of results is in agreement with the observations

from the recent studies by Nguyen et al. (2020b) who pursued a similar goal: to assess

the influence of four different grain shapes (spheres, ellipsoids and two types of clusters)

corresponding to a certain grain size distribution via DEM using the software OVAL.
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Figure 7.5: Comparison of the q/p
′−ε1 and q−p′ responses from the two sets of DEM simulations

isolating the influence of grain shape

The spheres showed the least magnitude of M with a value around 0.80 followed by the

ellipsoids with M = 0.90. The clusters, comprising of a combination of seven spheres with

two different degrees of overlap, displayed the maximum, with M ranging between 1.10

and 1.20.

7.1.4 Fabric orientation within the specimens

To understand the influence of different grain shapes on the fabric of the specimens

tested in this research, it is imperative to analyze the average normal and tangential

forces measured between individual grains at the end of the test, i.e. at an axial strain ε1

of 25%. Fig. 7.7 shows the contact force chain diagram for the dense round glass beads in

the CU simulations at ε1 = 25%.

The particle-to-particle contact information which lists down the three components of

the normal and shear forces was further analyzed. It is to be noted that the particle-wall

contacts were eliminated since periodic condition was not guaranteed. The average normal
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Figure 7.6: Comparison of the peak friction angle φp from the results of the DEM simulations

on the dense samples against (a) the aspect ratio Ar and (b) the regularity factor

Figure 7.7: Contact force chain network for dense glass beads at an axial strain ε1 = 25%

sheared undrained under an initial p
′

of 100 kPa

(Fn) and tangential/shear (Ft) forces for each particle contact were calculated from the

following equations:

Fn =
√
Fn(x)2 + Fn(y)2 + Fn(z)2 (7.3a)

Ft =
√
Ft(x)2 + Ft(y)2 + Ft(z)2 (7.3b)

Fn(x), Fn(y) and Fn(z) denote the normal force components while Ft(x), Ft(y) and Ft(z)

are the shear force components in the x, y and z directions, respectively.
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For the specimens sheared under the consolidated undrained conditions, the value of

the average normal forces at ε1=25% are 0.698, 0.627 and 0.338 for the angular glass,

Rhein sand and glass beads respectively. At the same time, the average shear forces

measured are 0.216, 0.181 and 0.067 in decreasing order of aspect ratio. Therefore, it is

clear that the magnitude of the shear force in comparison to the normal contact force is

larger for angular materials than for round ones, and this aspect results in larger shear

strengths. The ratio of the average Fn to the average Ft is 3.226, 3.464 and 5.044 with

the highest magnitude determined for the glass beads. The fabric tensor (a symmetric

second rank tensor which characterizes the geometric arrangement of the porous material

microstructure, refer Cowin 1985) orientation for the three undrained tests is shown in Fig.

7.8. Similarly, for the loose drained specimens discussed previously, the average normal

contact forces at 25% axial strain are calculated as 0.089, 0.080 and 0.077 while the shear

forces measure 0.031, 0.025 and 0.027 respectively in decreasing order of the aspect ratio.

A visualization of the fabric tensor for the loose samples is presented in Fig. 7.8.
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Figure 7.8: Fabric tensor at an axial strain ε1 = 25% for the dense specimens sheared under an

initial p
′

of 100 kPa under undrained conditions

This can also be inferred from the magnitude of the coordination number (CN0) which

is defined in terms of the number of contacts C and the number of particles N . However,



234 7 Micro- and macromechanical outlook: DEM and SANISAND

Thornton (2000) pointed out that there are possibly some particles with zero contacts and

some particles that have a contact with only one neighbour, therefore, these particles make

no contribution to the stable state. Thus, the mechanical coordination number (denoted

presently as CN) was recommended as follows:

CN =
2C −N1

N −N0 −N1

(7.4)

N1 and N0 are the number of particles with one and zero contacts respectively. For the

dense specimens studied under undrained loading, at ε1 = 25%, the CN for the material

with the highest aspect ratio was 6.78, while for the intermediate specimen, it was 6.18.

The least angular material had a CN of 6.08. All of these values are larger than 6 which

is the value for a dense assembly of spheres compressed isotropically at 100 kPa. In case

of the drained tests on the loose specimens, the values of the CN are determined as 4.92,

4.73 and 3.98 in decreasing order of the aspect ratio. A higher CN translates to a larger

force carrying capacity, resulting in larger deviatoric stresses, which was evident from

both sets of experimental and numerical observations.
 
 
 
 
 
 
 

Normal 

 
Crushed glass 

 

 

 
Rhein sand 

 

 

 
Glass beads 

 

 
 
 
 
 
 
 
 

Shear 

 

 

 

 

 

 
 

Figure 7.9: Fabric tensor at an axial strain ε1 = 25% for the loose specimens sheared under an

initial p
′

of 50 kPa under drained conditions
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7.2 Calibration of the parameters of SANISAND model

7.2.1 Brief introduction to SANISAND

Originally introduced by Manzari & Dafalias (1997) and later modified to include fabric

change effects (Dafalias & Manzari 2004), SANISAND stands for a simple anisotropic

model for sands. SANISAND is defined within the framework of critical state soil me-

chanics and bounding surface plasticity. It uses a narrow open cone-type yield surface

with apex at the origin obeying rotational hardening, which implies that only changes of

the stress ratio can cause plastic deformations, while constant stress-ratio loading induces

only elastic response. The model has been widely used in simulating various stress-strain

responses of granular materials over the years particularly due to its foundation on con-

cepts and data which are well established and understood by the geotechnical engineering

community. In the present study, one of the aims is to determine the material parameters

of SANISAND for granular materials with different grain shape and to analyze the effect

of grain shape on these parameters. For that purpose the parameters of the SANISAND

model are calibrated using optimization techniques, with the ultimate goal of being able

to provide certain recommendations for the choice of the values of the constitutive pa-

rameters that consider particle characteristics. This procedure is visualized in Fig. 7.10.

Goal

Method

Output

Effect of grain shape on parameters of SANISAND

Using optimization techniques to obtain best fit parameter
values corresponding to experimental observations

Recommendations as to what parameter sets are suitable
considering the influence of particle characteristics

Figure 7.10: Flowchart outlining a schematic representation of the working sub-package

7.2.2 The parameters of the SANISAND model

The SANISAND model uses 15 parameters, some of which are obtained from experiments

while others are numerical constitutive parameters which lack physical meaning. The

parameters are listed in Table 7.2 along with their definition. The parameters that are
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Table 7.2: Parameters of the SANISAND (2004) model

Parameter Definition

CSL

ecr,0 Critial void ratio corresponding to an effective stress p
′
= 1 kPa

λ Slope of the critical state line in the e− p′ diagram

ζ Fitting parameter to account for the curvature of the critical state line

Mc Slope of the critical state line in the q − p′ diagram in compression regime

Me/c Ratio of the critical state slopes under extension and compression regime

Yield surface m Tangent of half the opening angle of the yield surface

Elasticity
Gel

0 Dimensionless shear stiffness parameter

ν Poisson’s ratio

Kinematic

hardening

h0 Positive material constant 1 to define the hardening modulus

ch Positive material constant 2 to define the hardening modulus

nb Material constant to calculate the stress image on the bounding surface

Dilatancy
A0 Dilatancy material constant

nd Material constant to calculate the stress image on the dilatancy surface

Fabric

dilatancy

zmax Maximum value that z can attain

cz Control of the evolution of z

unique for each material and to be determined from experimental data are ecr,0, λ, ζ, Mc

and Me/c. The other 10 parameters are constitutive parameters and must be determined

by variation until the best fit of experimental data is achieved.

7.2.3 Some previous studies utilizing the SANISAND model

Since the early 2000s, the SANISAND model has gained popularity. A host of studies

have focused on calibrating the material constants of the SANISAND model based on

experimental results. Table 7.3 summarizes the parameters determined in the previous

studies, along with information about the grain size distribution of the considered mate-

rial and the available emax and emin data. CU and CD refers to consolidated undrained

and drained monotonic tests, respectively, while Cyc denotes cyclic undrained tests. The

typical ranges of the various fitting parameters as observed from Table 7.3 are listed in

Table 7.4.
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Table 7.4: Typical ranges of the constitutive parameters of SANISAND (2004) model as observed

in Table 7.3

Property
From Table 7.3

Min Max

Elasticity
50 200

0.039 0.17

Yield surface 0.001 0.05

Dilatancy
1.05 3.5

0.213 0.9

Kinematic hardening

0.65 2.56

5 1300

0 1.14

Fabric dilatancy
3 25

50 10000

It is expected that different sands will have different magnitudes of the CSL (critical state

line) parameters. From the above information, it is clear that the constitutive parameters

resulting from curve-fitting (excluding the CSL parameters) range within certain values,

some of which have a smaller range (for example, dilatancy parameters A0, nd), while

others have a significantly larger range (Gel
0 and h0). Therefore, selecting parameter values

that fit for the materials under investigation need to be obtained by rigorously following

an optimization procedure, thus ensuring the best possible fit of the experimental data

by the numerical predictions.

Although the critical state parameters could have been adopted from the results of the

experiments listed in 5, it was not done intentionally owing to a couple of points. The

first reason is the limitation of the experimental setup: it was assumed that the critical

/ steady state was achieved at a strain of 25%, which was unfortunately not always the

case, and therefore might induce errors during the optimization process. The second point

was that the robustness of the optimization algorithm was also tested, to observe if the

values predicted via optimization were representative or close to what is expected from

the experimental observations. Also, a previous study has recommended and shown that

using non-rigid steady state and elasticity parameters, a better fit to experimental data

can be achieved otherwise employing the hypoplastic soil model (see Machac̆ek et al.

2022).
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Various optimization techniques

There are different optimization strategies that are used for multi-objective optimization

depending upon the problem under investigation. Some of them are listed below:

• Strength Pareto Evolutionary Algorithm - II (SPEA - II)

• Multi-objective Evolutionary Algorithm by Decomposition (MOEAD)

• Covariance Matrix Adaption Evolution Strategy (CMAES)

• Indicator Based Evolution Algorithm (IBEA)

• Generalized Differential Evolution Algorithm - III (GDE - III)

• Optimized Multi-Objective Particle Swarm Optimization (OMOPSO)

• Non-Dominated Sorting Genetic Algorithm - II (NSGA - II) (Platypus 2015)

• Non-Dominated Sorting Genetic Algorithm - III (NSGA - III)

In the scope of the present optimization scheme, the Non-Dominated Sorting Genetic

Algorithm - II (NSGA - II) has been employed since it was proven to be very efficient

and as reliable as the NSGA - III Algorithm for 2 objective functions, further details of

which may be found in Deb & Jain (2013) and Vallurupalli (2020). There are five stages

and procedures for the NSGA - II Algorithm:

1. Stage I: Within the parameter space, the initial population of a certain size is gen-

erated. The ranking and crowding distribution is done where the initial population

produces the same number of child population following the procedures: tournament

selection, crossover and mutation.

2. Stage II: After crossover and mutation, the initial and child population are com-

bined together.

3. Stage III: The ranking of these combined individuals is evaluated and the non-

domination levels or rank fronts are designated to this combined population.

4. Stage IV: In case the need of sorting the individuals from the same rank front arises,

the crowding distance is calculated for the individuals in that non-domination level

and the better distanced individuals are refined and forwarded to fill the leftover

size.

5. Stage V: The new population of pre-defined size is generated - the new popula-

tion becomes initial population (parent population) which again produces the child

population (crossover) depending on the number of generations assigned.
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7.2.4 Sensitivity of various SANISAND model parameters

The input parameters of a system (e.g. SANISAND) do not have the same share of

effect on the response of the system. Thus, changes in a certain parameter have a more

pronounced influence on the system output as compared to other parameters. Since there

are 15 parameters that are needed for the SANISAND model, it is imperative to perform a

sensitivity analysis (SA) to isolate the more influential parameters from the lesser or non-

influential ones. In this way, one can reduce the dimension of the problem without affecting

the accuracy. Thus, some of the parameters can be eliminated from the optimization

routine (or fixed with standardized values from literature) while the major influencing

parameters can be determined with more accuracy.

Practically, there are two sensitivity analysis techniques: global and local SA. In local

SA, the impact of a small variation in one variable on the model prediction is studied

while the other parameters are kept constant. The global SA is more robust since it varies

all the parameters within their specified ranges to investigate their effects on the system

response as well as capturing coupled and non-linear phenomena. Therefore, compared to

local SA, the global SA uses more computational power.

In the given problem, global SA was used to identify the most influential parameters.

The results of the SA were denoted in the form of sensitivity indices which are calculated

based on the procedure outlined in Sobol′ (2001). The SA has been performed at present

only for the undrained monotonic tests on the three well-graded materials (Cu = 5).

Two objective functions q and p
′

were checked for their sensitivity to the variation of the

various model parameters. Therefore, the main objective of the SA is to isolate parameters

that influence both q and p
′

so that only these parameters are taken forward for the

optimization procedure.

In order to further simplify the optimization procedure, some trial runs for different values

of the yield function parameter m were performed for the tested materials, where m

was always found to converge within the range 0.042-0.050. Therefore, based on this

observation, the variation of m was deemed insignificant, and was not included in the

sensitivity analysis to speed up the computational time. As can be seen from Fig. 7.11,

certain parameters have a higher sensitivity score, measured in the form of sensitivity

indices (SI) while some others do not harbor any influence on the monotonic undrained

responses of the tested materials. Take for example, the elastic parameter Gel
0 has a high

sensitivity score, which means its effect is significant: a variation in Gel
0 can significantly

change the material response. In a similar way, the steady state parameters ec0, λ and
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Sensitivity indices for 𝑝′ 
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Figure 7.11: Sensitivity analysis for the objective functions p
′

and q considering the undrained

tests under an initial p
′

= 300 kPa for the dense samples of the three materials

ξ in addition to the slope of the steady state line Mc and Me/c (presently not shown)

as was demonstrated in Chapter 5 also have quite large sensitivity indices denoting their

significant influences. However, the influence of certain other constitutive parameters such
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as ν, h0, ch, nb, A0 and nd is also significant. In contrast, the SI values for the fabric

parameters cz and zmax are zero, which means that any variation of these parameters

will not affect the material response as they are designed for capturing cyclic behavior.

Therefore, for the optimization procedure, these two parameters are eliminated further to

reduce the dimension of the optimization algorithm and to reduce computational time.

7.2.5 Optimization of SANISAND model parameters

The optimization procedure involves calibrating the input parameters in a way that the

numerical predictions by the SANISAND model fit the experimental results as good as

possible. The initial ranges of the constitutive parameters have already been presented

in Table 7.4, which have been carried forward as the search domain that is fed as input

to the optimization algorithm. Only the influential parameters which are to be varied

(all parameters including the CSL parameters except m denoting the slope of the yield

surface) have been chosen.

Since it is affirmative that the objective functions for optimization and the parameter

ranges are significant in achieving effective results, the two objective functions have been

developed which calculate the error between the experimental data and the numerical

prediction with respect to the mean effective stresses and the deviatoric stresses at given

axial strains. The R-squared score has been considered for the calculation of the men-

tioned error. With the genetic algorithm (NSGA-II) parameters of population (p = 100),

generations (g = 50), crossover (uniform crossover) and mutation (m = 0.1%), this cali-

bration procedure has been performed through minimizing these objective functions (au-

tomatically minimizing the error between the curves). The corresponding results will be

presented for the monotonic test results only (both drained and undrained). Special em-

phasis is laid on the behavior in the elastic region for q − ε1 curves. In order to develop

the fit, several other investigations concerning the effect of strain increment on numerical

outputs, Poisson’s ratio ν variation (local sensitivity analysis), etc. have also been carried

out, details of which are presented in the upcoming sections.

As a first step, the calibration procedure was applied to crushed glass with a Cu of 5

to obtain the best fit parameters delivering numerical predictions being as close to the

experimental observations as possible. Two extreme cases of the monotonic experiments

performed presently were simulated: the first one was a drained test with an initial con-

fining pressure p
′

= 50 kPa, while the second one was an undrained experiment with

p
′

= 300 kPa. Two different end-of-consolidation void ratios e0 were used. The compar-
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ison between the experimental data and the SANISAND prediction was made up to an

axial strain ε1 of 15% since at higher strains, there is significant sample inhomogeneity

associated. Using the best-fit parameters for the calibration, the comparison between the

q− p′
and q− ε1 curves is shown below in Fig. 7.12. It must be mentioned that the fitting

parameters employed are the best-fit values as obtained from the two sets of experiments

conducted. Therefore, only 1 set of parameters is obtained at the final stage, and not a

range.

 

 

(a) 
 

 

 
 

 

(b) 
 

 

 
 

Figure 7.12: Comparison between the experimental data and SANISAND predictions for

crushed glass under (a) drained and (b) undrained conditions subjected to two different ini-

tial p
′

values and different initial void ratios / relative densities
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Figure 7.13: Comparison between the experimental data and SANISAND predictions for Rhein

sand under (a) drained and (b) undrained conditions subjected to two different initial p
′

values

and different initial void ratios / relative densities

It is clear that the fit between the experimental and numerical datasets is quite strong

considering both drained and undrained cases. The only issue with the undrained case in

Fig. 7.12b for the q − p′
curve is that the predicted reduction in p

′
in the initial phase

of the test (or till a q of around 400 kPa) is not as large as observed in the experiment.

However, this in general is one of the backdraws of the SANISAND model as Wichtmann

et al. (2019c) also encountered such differences in the effective stress path.

In a similar manner, the calibration procedure has been applied to the well-graded Rhein

sand (Fig. 7.13) and glass beads (Fig. 7.14) under similar conditions as the crushed glass
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(a) 
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Figure 7.14: Comparison between the experimental data and SANISAND predictions for glass

beads under (a) drained and (b) undrained conditions subjected to two different initial p
′

values

and different initial void ratios / relative densities

(p
′

= 50 and 300 kPa) considering both drained and undrained cases and using two

different e0 values. The results for Rhein sand show a good agreement between the pre-

dicted and measured curves for both the drained and undrained cases. Clearly, the q− ε1
and εv − ε1 curves for the drained test show a relatively better fitting compared to the

undrained test, an observation similar to that noted for crushed glass. It is also noted

that in the undrained case, the fitting of the q − p′
at lower p

′
values is relatively better

as compared to angular glass. However, the slope of the q − p
′

line obtained from the
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prediction is slightly larger than that from the experiment. Unlike in the case of angular

glass where the phase transformation point as predicted by SANISAND laid close to a q

of nearly 340 kPa and p
′

of 250 kPa (q around 230 kPa and p
′

of 180 kPa were observed

in experiment), the phase transformation point for Rhein sand from model prediction

was around q = 220 kPa as against 230 kPa from experimental data, while the p
′

was

around 250 kPa as against 215 kPa from experimental observation. For the glass beads,

the SANISAND model is unable to reproduce the stick-slip motions since it only predicts

a flat linear curve after achieving maximum q. Therefore, a compromised data set was em-

ployed to capture the general trend as well as the magnitudes of the q and εv as obtained

from experiments. While a satisfying fit can be concluded for the drained case, the fitting

is somehow worse for the undrained case. While the initial phase of the effective stress

path in the CU test is captured well, the slope of the path is significantly underestimated

afterwards. Furthermore, as visible from the stress-strain relationship also the stiffness in

the initial phase of the test is predicted too low.

The fitting parameters that were employed for the best fit considering both monotonic

drained (CD) and undrained (CU) cases are collected for the three different mateirals in

Table 7.5.

Table 7.5: Fitting parameters for the SANISAND model obtained via optimization for the

well-graded materials tested in the present study

Property Parameter Crushed glass Rhein sand Round glass

Elasticity
Gel0 100.00 82.00 237.00

ν 0.05 0.04 0.16

CSL

Mc 1.64 1.36 0.86

Me/c 0.646 0.687 0.778

ec0 0.981 0.755 0.728

λ 0.058 0.030 0.045

ξ 0.957 0.871 0.905

Yield surface m 0.050 0.050 0.050

Dilatancy
nd 1.053 3.000 2.306

A0 0.64 0.89 0.34

Kinematic hardening

nb 0.70 2.50 0.70

h0 1.30 2.50 6.70

ch 0.49 1.07 0.86

Fabric dilatancy
zmax 4 4 4

cz 600 600 600
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7.2.6 Analysis of the typical ranges of the fitting parameters

From Table 7.5, certain features can be observed. The magnitude of Gel
0 apparently seems

to increase with increasing grain roundness although the values for Rhein sand seem out

of place. This might be hypothesized to be a result of the variation in surface roughness:

while angular glass was expected to have higher roughness, one must realize it is a product

of crushing smooth glass beads, and certain uncrushed surfaces are therefore expected to

be relatively smoother than some others which might result in a higher Gel
0 . Furthermore,

the Poisson’s ratio ν seems to slightly increase with increasing roundness.

For the steady state parameters, the Mc for angular materials is comparatively higher than

for glass beads, while the ratio of the extension to compression slope Me/c increases with

increasing degree of roundness. In agreement with the experimental observations listed in

Chapter 5, a noticeable decrease in ecr,0 and decreasing trend in λ and ξ with increasing

grain roundness is also evident. Also in general, glass beads show significantly higher

values of the hardening parameter h0, while the values of the dilatancy parameter nd show

no definite trend with respect to grain shape. For the other parameters, the influence of

grain shape is not clear with the limited experimental data used for calibration. Therefore,

more tests with different boundary conditions are recommended as a part of future work.

Furthermore, one may consider more grain shape combinations in further work packages.

7.3 Ground response analysis

To simulate ground motions resulting from earthquakes, the well-known ground response

analysis software ProShake was adopted. ProShake is a computer program for one di-

mensional, equivalent linear ground response analysis. The original program for ground

response analysis of layered sites was developed in the early 1970s, and was known as

SHAKE (after Schnabel et al. 1972). For commercial usage, it was later renamed to

ProShake. Some of the major advantages of ProShake is that user-defined modulus degra-

dation and damping ratio curves can be provided as input parameters instead of using

some standard existing models.

Therefore, in the present study, a 20 m deep soil profile directly resting upon a bedrock

is considered with the water table located at the ground surface. To consider the stress-

dependence of the soil properties the soil profile is further divided into 5 layers, each

layer being 4 m in thickness. The layers are named from 1-5, with the 1st layer being

the topmost layer and the 5th layer directly situated above the bedrock. The stresses



248 7 Micro- and macromechanical outlook: DEM and SANISAND

are calculated at the middle of each layer to consider the average effective stress in the

particular layer. The same material is assigned to all five layers. The small-strain shear

modulus Gmax is calculated from Eq. 2.21 (Hardin & Black 1966) and the void ratio

function of Jamiolkowski et al. (1991) is adopted. The fitting parameters previously listed

in Table 6.6 are applied. The properties of the soil layers are derived directly from the test

results for the three well-graded materials (Cu = 5) with differing grain shapes (angular

glass, sub-angular Rhein sand and round glass beads) as highlighted previously in Chapter

6. Only fully water-saturated loose soil states (0.19 < ID < 0.33) are considered since

they represent the most critical conditions for soil liquefaction and subsequently, larger

ground deformations. Thus, for the soil profile using angular glass, the dry unit weight

was 13.47 kN/m3, while for the Rhein sand and glass beads, these values were 15 kN/m3

and 16.59 kN/m3 respectively. Therefore, the corresponding ID values were 0.33, 0.28 and

0.19 respectively, corresponding to the experimental relative densities. The bedrock was

considered to be rigid with a unit weight of 23.56 kN/m3 and a Gmax of 1395.18 MPa in

accordance with the ProShake tutorial (EduPro Civil Systems 2020).
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Figure 7.15: Variation of the shear wave velocity vs against depth for the three materials

Fig. 7.15 shows the variation of the shear wave velocity vs against the profile depth for

the three considered materials. As evident from the previous chapter, the vs for the round

glass was measured to be larger than that of the more angular materials which can be
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partially attributed to the larger void ratios in the latter ones. Similarly, at a given soil

depth considering a similar ID, the unit weight and correspondingly the mean effective

stress p
′

are also lower for more angular soils. This leads to lower vs and Gmax.
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Figure 7.16: Horizontal displacement time history calculated at the middle of each of the five

layers for the three materials subjected to the Loma Prieta earthquake

The damping properties of the bottom bedrock layer were adopted from the in-built rock

model which was already provided in ProShake (Schnabel et al. 1972; Idriss & Sun 1992).

For the other three materials, the modulus degradation and damping curves were obtained

using the fitting parameters for the mean effective stress p
′
= 100 kPa, details of which are

listed in Table 6.7. This value of the confinement was chosen since it represents the stress

conditions in the adopted soil profile closer than p
′

= 400 kPa. The dynamic earthquake
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motion applied to the soil profile is the Loma Prieta earthquake of 1989 which had a

moment magnitude Mw = 6.9 and occured in and around the San Francisco Bay area.

The motion with a peak ground acceleration of 0.113 g was applied at the top of the

bedrock from which the waves propagate upwards along the soil layers.
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Figure 7.17: Spectral horizontal displacement calculated at the middle of each of the five layers

for the three materials subjected to the Loma Prieta earthquake

The ground horizontal displacements were analyzed for the three soil conditions as shown

in Fig. 7.16. The results for round glass beads and Rhein sand show no significant ground

deformation, although some displacements can be noted at the end of the simulations.

In contrast, the soil profile composed of angular crushed glass develops large horizontal

deformations, with values higher than 0.4 m in the top soil layer at the end of the sim-

ulation. From the spectral displacement curves highlighting the maximum displacements

(Fig. 7.17) which are important in case of high rise buildings to estimate the displacements

caused due to the ground motion, the soil profile with angular glass likewise shows the

largest values (0.25 m) reached at 2 seconds, while the values are much smaller (around

0.1 m for Rhein sand and 0.08 m for glass beads) for the other two materials. The peaks

are encountered almost simultaneously for the three materials.

Similarly, from the horizontal acceleration time histories (Fig. 7.18), the magnitude of the

peak accelerations obtained for the three materials are different: the peak accelerations for

the angular crushed glass soil profile measure between 0.15 and −0.25g, while they range

between 0.19 and −0.22g for the Rhein sand. For the glass beads, the peak accelerations

are almost symmetrical, with the values lying between 0.2 and−0.2g. However, considering

the spectral acceleration (SA) denoting the acceleration felt by a building as modeled by

a particle mass on a massless vertical rod having the same natural period of vibration

as the building (as defined by the US Geological Survey), the values are within similar

range, varying between 0.7 and 0.8g (refer Fig. 7.19). Also, the magnitude of spectral

acceleration for angular glass reduces with decreasing soil depth - thus, the maximum
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Figure 7.18: Acceleration time history calculated at the middle of each of the five layers for the

three materials subjected to the Loma Prieta earthquake

magnitude of spectral acceleration at the topmost layer is 0.4g, half of the value in the

layer above the bedrock. Such a variation was not observed for the other two materials,

where the with-time variation in spectral acceleration was similar throughout the depth.

7.4 Summary

This chapter introduces the micromechanical interpretation of the experimental results

using the discrete element simulations as well as the macromechanical outlook through a

rigorous calibration procedure for the popular SANISAND model to capture soil behav-
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Figure 7.19: Spectral acceleration calculated at the middle of each of the five layers for the

three materials subjected to the Loma Prieta earthquake

ior. In addition, as a practical application a ground response analysis under a specified

dynamic motion highlighting the influence of grain shape captured via the dynamic pa-

rameters obtained in Chapter 6 is also discussed. The major findings are summarized as

follows:

• The discrete element simulations of drained and undrained monotonic triaxial tests

for three materials with different aspect ratios showed that for angular materials

(i.e. larger aspect ratio), the deviatoric stress q at same relative densities and same

strain is larger compared to rounded materials. Similarly, the slope of the effective

stress path in the q − p′
diagram for undrained monotonic shearing is also higher

for granular materials with larger aspect ratio. These observations agree with an

analysis of the coordination number (CN) and the average contact force distribution

within the specimens: a higher CN and larger shear and tangential forces are evident

for more angular materials while being the least for rounded ones. It is interesting

to note that the ratio of the normal to shear forces in the contacts is least for

materials having a larger angularity which means the contribution of shear forces

to the shear strength is comparatively larger and can be physically explained by an

increased interlocking between individual grains as was already discussed previously

in Chapter 5.

• With respect to the macromechanical analysis, certain parameters in the SANISAND

model (such as the fabric parameters) are insignificant while simulating the mono-

tonic soil behavior as determined by sensitivity analysis. In addition, certain pa-

rameters (such as elastic parameter Gel
0 , the critical state parameters Mc, Me/c, ec0,

λ, ξ, dilatancy parameter nd, hardening parameter h0) seem to be affected by grain

shape as seen from the best-fit parameters obtained by optimization procedure. The
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trends for the other remaining parameters with grain shape are not clear, therefore,

one may conduct further investigations along this direction in the future.

• As obtained from the ground response analysis, the horizontal deformation under

ground shaking in the angular materials especially at the top layers with water level

at ground surface are significantly higher compared to the more rounded materials

since the shear modulus of angular materials is significantly smaller. However, the

magnitude of the maximum acceleration encountered at the middle of the soil layers

at effective confining pressures of around and lesser than 100 kPa is larger for angular

materials possibly due to a lower damping ratio at higher strains as shown in Fig.

6.19 of Chapter 6.





8 Summary, conclusions and

recommendations

8.1 Summary and conclusions

In this research, the influence of the grain characteristics on the various intrinsic, static,

cyclic and dynamic properties of granular materials was studied in detail with special

attention to the influence of grain morphology in the medium/meso and macro scales.

The influence of grain shape, size and mineralogy (denoted using the specific gravities)

on the limit void ratios in granular materials was studied. Later, the influence of grain

shape on the response of granular soils to monotonic loading, in particular shear strength

and steady state characteristics, was investigated in drained and undrained triaxial tests

on three granular materials with significantly different grain shape (glass beads, natural

sand, crushed glass) but identical grain size distribution curve. A similar investigation was

done with respect to the liquefaction resistance determined from undrained cyclic triaxial

tests. Resonant column tests and shear wave velocity measurements with bender elements

were performed to obtain stiffness and damping properties at small to intermediate strains.

The influence of particle gradation on the static, cyclic and dynamic properties of granular

materials was also examined in detail. At the end through discrete element simulations, the

significant influence of grain shape on the fabric orientation in granular materials under

triaxial compression was validated with the observations from experiments. Also, the

influence of grain shape on the fitting parameters of the popular elastoplastic constitutive

model SANISAND was demonstrated. The main outcomes derived from the study are

categorized and listed as follows.

Effect of particle characteristics on the limit void ratios

1. For poorly graded glass beads, the mean grain size d50 was found to be a suit-

able parameter to predict the maximum and minimum void ratios rather than the

255
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uniformity coefficient Cu. Significant particle segregation may be encountered for

well-graded glass beads which would induce errors in the determination of the limit

void ratios.

2. For sands, the influence of the mean grain size d50 on the limit void ratios emax

and emin was negligible. Instead, the major influence resulted from the gradation

(denoted by the uniformity coefficient Cu) and the grain shape (denoted by the

regularity factor ρ which is an average of the medium scale roundness R and the

macro scale circle-ratio sphericity Sc). An increase of Cu and ρ results in decreasing

values of emax and emin.

3. The influence of the mineralogy considered by the specific gravities was minimal

and can be ignored for practical purposes.

Effect of particle shape and size on the static and cyclic (large

strain) properties

1. Generally, angular materials like crushed glass (having low values of ρ) exhibit com-

paratively higher strength in the monotonic tests than rounded materials like glass

beads owing to interlocking between grains, especially at larger relative densities

ID. For well-graded glass beads, the difference between the limit void ratios is very

small which results in dilation occuring earlier compared to angular materials. The

variation of the stress-strain responses and the fabric orientation with different grain

shapes were also confirmed by the results obtained from DEM simulations consid-

ering similar boundary conditions.

2. The peak and steady state friction angles are significantly affected by the particle

shape with angular materials having much higher values as compared to round

materials. The steady state line in the e − p′ diagram and its parameters such as

the intercept and slope are dependent on the grain shape, too. The curves show a

downward shift in the e− p′ diagram if the grains become rounder.

3. For round materials, the influence of the uniformity coefficient Cu on the q − ε1

response under monotonic loading seems negligible, while uniform angular/sub-

angular materials typically show larger q values at same ε1 compared to their well-

graded counterparts. This difference decreases with increasing ID.

4. In the cyclic tests loose angular or sub-angular materials typically undergo large

axial deformation in extension representing a flow liquefaction type failure. At larger
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relative densities, the more angular materials show a cyclic mobility type failure,

with axial strains usually developing faster on the extension than on the compression

side. Round glass beads show a different behaviour, with cyclic mobility already at

loose states and a rather symmetrical development of axial strains which remain

comparatively small.

5. In most studied cases well-graded angular/sub-angular materials liquefy faster than

uniform ones at similar boundary conditions. The cyclic resistance ratio CRR (de-

fined as the cyclic stress ratio corresponding to a certain number of cycles) is larger

for medium dense uniformly graded specimens but slightly smaller for loose uniform

materials when compared to the results from well-graded materials. However, the

liquefaction resistance CRR for round materials is independent of gradation, or may

even be seen to increase slightly with the uniformity coefficient.

Effect of particle shape and gradation on the dynamic (small and

intermediate strain) properties

1. Recommendations were provided regarding the choice of the grain shape descriptors

in both the meso and macro scale to capture the variation of the shear wave velocity

of granular materials with grain shape. A new methodology to capture the variation

of grain shapes within a material more accurately, particularly in well-graded mate-

rials, using a grain shape distribution curve in analogy to the grain size distribution

curve was proposed along with the introduction of parameters describing the mean

value and slope of the curves.

2. At similar void ratio the small-strain shear modulus Gmax is comparatively higher

for uniformly graded materials as compared to well-graded ones. The Gmax and

Emax values for round materials were found larger than for angular materials. No

influence of void ratio e or relative density ID on the modulus degradation and

damping curves was noted.

3. The reference shear or axial strains are larger for angular materials as well as poorly-

graded (uniform) materials, while the influence of grain shape on Dmin seems in-

significant.
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8.2 Recommended future works

Although an exhaustive experimental study was carried out during the course of this

research, certain recommendations may be made for future work building up on the results,

some of which are as follows:

1. For the purpose of material characterization, the influence of surface roughness (mi-

cro scale parameter) on the limit void ratios can be studied. In addition, correlations

can be explored between the other meso/medium/macro scale parameters and the

limit void ratios. The shape of the particles of the non-plastic fines can also be

included in the formulation of new empirical models for binary mixtures.

2. While the primary focus was on the influence of grain shape and gradation in the

present study, the influence of mean grain size d50 on the monotonic and cyclic

undrained response of granular soils can be investigated in future. It will be partic-

ularly of interest to study the combined influence of d50, Cu and grain shape.

3. One can also consider performing triaxial tests with bender elements mounted at

the sample boundary to measure shear wave propagation in the horizontal direction.

This would allow to study the influence of grain shape on the vs in the horizontal

direction, and thus the anisotropy of the small-strain properties of the samples for

different grain shapes. Besides, studies can also be extended to assess the influence

of grain shape and size on dynamic small and intermediate strain properties of

sand-silt mixtures.

4. Discrete element simulations were carried out considering the mean grain size of the

test materials only and not replicating the gradation for the sake of simplicity. Thus

in a future work, variations of the particle gradation can also be added to ensure

more accurate results. Furthermore, to simulate different grain shapes, a variation

of the aspect ratio was applied. The shape of the grains can be modelled more

realistically in the future, incorporating other morphology parameters to bring the

simulation results closer to the experimental data.

5. Results of monotonic triaxial tests on materials having different grain shapes other

than the ones considered in this study may be employed as additional datasets to val-

idate and improve the output of the sensitivity analysis and optimization algorithm

for the calibration of the SANISAND model. Furthermore, one may also perform

sensitivity analysis and calibrate the constitutive parameters via optimization for

the cyclic undrained triaxial results presented in this research.
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wassergesättigten Böden’, Deutsches Institut für Normung (Germany).

Doanh, T., Hoang, M. T., Roux, J.-N. & Dequeker, C. (2013), ‘Stick-slip behaviour of

model granular materials in drained triaxial compression’, Granular Matter 15(1), 1–

23.

Drnevich, V. P. (1967), Effects of strain history on the dynamic properties of sand, PhD

thesis, University of Michigan, USA.



Bibliography 265

Drnevich, V. P. (1978), Resonant-column testing: Problems and solutions, Technical re-

port, Dynamic Geotechnical testing. Pages 384-398.

Drnevich, V. P., Hall Jr, J. R. & E., R. J. F. (1967), Effects of amplitude of vibration

on the shear modulus of sand, in ‘International Symposium on Wave Propagation and

Dynamic Properties of Earth Materials’, Albuquerqe, New Mexico, USA, pp. 189–199.

Drnevich, V. P. & Richart, F. E. (1970), ‘Dynamic prestraining of dry sand’, Journal of

Soil Mechanics and Foundation Division, ASCE 96(2), 453–467.

Druckerey, A. M., Alshibli, K. A. & Al-Raoush, R. I. (2016), ‘3D characterization of sand

particle-to-particle contact and morphology’, Computers and Geotechnics 74, 26–35.

EduPro Civil Systems, I. (2020), ‘Proshake 2.0’, 5141 189th Avenue NE, Sammamish,

WA, USA.

Ehrlich, R. & Weinberg, B. (1970), ‘An exact method for characterization of grain shape’,

Journal of Sedimentary Research 40(1), 205–212.

Enomoto, T. (2016), ‘Effects of grading and particle characteristics on small strain prop-

erties of granular materials’, Soils and Foundations 56(4), 745–750.

Evans, M. D. & Zhou, S. (1995), ‘Liquefaction behavior of sand-gravel composites’, Jour-

nal of Geotechnical Engineering (ASCE) 121(3), 287–298.

Ferreira, T. A. & Rasband, W. (2012), ‘The ImageJ user guide’. Tech. Rep. IJ 1.46.

Fonseca, J., O’Sullivan, C., Coop, M. R. & Lee, P. D. (2012), ‘Non-invasive characteriza-

tion of particle morphology of natural sands’, Soils and Foundations 52(4), 712–722.

Freeman, H. (1961), ‘On the encoding of arbitrary geometric configurations’, IRE Trans-

actions on Electronic Computers pp. 260–268.

Friel, J. J. & Pande, C. S. (1993), ‘A direct determination of fractal dimension of frac-

ture surfaces using scanning electron microscopy and stereoscopy’, Journal of Materials

Research 8(1), 100–104.

Georgiannou, V. N. & Konstadinou, M. (2013), ‘Torsional shear behavior of anisotropically

consolidated sands’, Journal of Geotechnical and Geoenvironmental Engineering 140(2).

04013017.



266 Bibliography

Giang, P. H. H., Van Impe, P. O., Van Impe, W. F., Menge, P. & Haegeman, W. (2017),

‘Small-strain shear modulus of calcareous sand and its dependence on particle charac-

teristics and gradation’, Soil Dynamics and Earthquake Engineering 100, 371–379.

Golchin, A. & Lashkari, A. (2014), ‘A critical state sand model with elastic-plastic cou-

pling’, International Journal of Solids and Structures 51, 2807–2825.

Goudarzy, M. (2015), Micro and Macro Mechanical Assessment of Small and Intermediate

Strain Properties of Granular Material, PhD thesis, Faculty of Civil and Environmental

Engineering, Ruhr-Universitat Bochum, Germany.

Goudarzy, M., König, D., Santamarina, J. C. & Schanz, T. (2018), ‘The influence of

the anisotropic stress state on the intermediate strain properties of granular material’,
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Lontou, P. B. & Nikolopoulou, C. P. (2004), ‘Effect of grain size on dynamic shear modulus

of sands: An experimental investigation’. Univ. of Patras, Greece (in Greek).

Machac̆ek, J., Staubach, P., Tavera, C. E. G., Wichtmann, T. & Zachert, H. (2022), ‘On

the automatic parameter calibration of a hypoplastic soil model’, Acta Geotechnica

17, 5253–5273.

Mandelbrot, B. B. (1977), Fractals: Form, Chance and Dimension, W. H. Freeman and

Company, San Francisco, USA.



Bibliography 273

Manzari, M. T. & Dafalias, Y. F. (1997), ‘A two-surface critical plasticity model for sand’,
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Phan, V. T., Hsiao, D. & Nguyen, P. T. (2016), Effects of fine contents on engineering

properties of sand-fines mixtures, in ‘Procedia Engineering- Sustainable Development

of Civil, Urban and Transportation Engineering Conference’, Vol. 142, pp. 213–220.

Platypus (2015), ‘Multi objective optimization in python’.

https://platypus.readthedocs.io/en/latest/.

Poulos, S. J. (1981), ‘The steady state of deformation’, Journal of Geotechnical Engineer-

ing, ASCE 107(5), 553–562.

Powers, M. C. (1953), ‘A new roundness scale for sedimentary particles’, Journal of Sed-

imentary Research 23(2), 117–119.

Rahemi, N. (2017), Evaluation of Liquefaction Behavior of Sandy Soils Using Critical State

Soil Mechanics and Instability Concept, PhD thesis, Faculty of Civil and Environmental

Engineering, Ruhr-Universität Bochum, Germany.

Rahman, M. M. (2009), Modelling the influence of fines on liquefaction behaviour, PhD

thesis, School of Engineering and Information Technology, The University of New South

Wales at Australian Defence Force Academy, Australia.

Ramirez, J., Barrero, A. R., L., C., Dashti, S., Ghofrani, A., Taiebat, M. & Arduino, P.

(2018), ‘Site response in a layered liquefiable deposit: Evaluation of different numerical

tools and methodologies with centrifuge experimental results’, Journal of Geotechnical

and Geoenvironmental Engineering 144(10), 04018073.

Rangasamy, K., Boominathan, A. & Rajagopal, K. (2010), ‘Influence of initial condi-

tions on liquefaction resistance of silty sands’, Geomechanics and Geoengineering: An

International Journal 5(3), 199–211.

Rasband, W. S. (2004), ImageJ, National Institutes of Health, Bethesda, Maryland, USA.

Rees, S. (2010), Effects of fines on the undrained behaviour of Christchurch sandy soils,

PhD thesis, University of Canterbury, New Zealand.



276 Bibliography

Reynolds, J. M. (2011), An Introduction to Applied and Environmental Geophysics, Wiley

Blackwell.

Richardson, L. F. (1961), The problem of contiguity: an appendix of statistics of deadly

quarrels, 3rd edn, Taylor and Francis. In General Systems Yearbook 6, pp. 139-187.

Richart, E. F., Hall, J. R. & Woods, R. D. (1970), Vibrations of soils and foundations, The-

oretical and Applied Mechanics series, Prentice-Hall International, Englewood Cliffs,

New Jersey, USA.

Rittenhouse, G. (1943), ‘A visual method of estimating two dimensional sphericity’, Jour-

nal of Sedimentary Petrology 13, 79–81.

Rodriguez, J., Johannson, J. & Edeskär, T. (2012), Particle shape determination by

two-dimensional image analysis in geotechnical engineering, in ‘Proceedings of Nordic

Conference on Soil Mechanics and Geotechnical NGM’, Danish Geotechnical Society,

Copenhagen, Denmark, pp. 207–218.

Roscoe, K. H., Schofield, A. N. & Wroth, C. P. (1958), ‘On the yielding of soils’,
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Beurteilung des Steifigkeits- und Nachverdichtungsverhaltens von

ungebundenen Mineralstoffen

9 (1986) Peter Jordan

Einfluss der Belastungsfrequenz und der partiellen Entwässerungs-
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41 (2009) Anna Arwanitaki
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